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ABSTRACT
Various techniques for estimating t* (travel time/quality factor Q) 
from short period array records of body waves have been investigated. Spectral 
analysis in the frequency domain seems to be more appropriate for this purpose 
than time domain methods, because of the relative ease in which source and 
instrument effects can be removed. Of the techniques available, those based 
on maximum likelihood and homomorphic deconvolution give estimates of relative 
power versus frequency which best represent the power contained in a time 
domain wavelet of short duration. The latter technique seemed to have better 
noise-eliminating properties than the former, without the need to resort to 
pre-whitening.
Homomorphic deconvolution was therefore used to obtain estimates of t* 
values from P, PcP, ScP and S phases recorded at the Warramunga array in the 
Northern Territory of Australia. The source regions for the events studied 
were the Sunda, Mariana, New Hebrides, Kermadec and Tonga trench zones.
The short-period t* estimates obtained by this means were much smaller 
than estimates from published Free-oscillation Q models, indicating that the 
values of Q for compressional and shear waves are frequency dependent. It 
was found that the short-period and free oscillation data could be satisfied 
by assuming a linear relationship between Q and frequency, and that this 
relationship was consistent with other published data. The variation of 
Q /Qn >  and phase velocity with frequency were also examined. The results
of this investigation suggest new directions from which the Q structure of
the mantle can be studied.
CHAPTER 1
INTRODUCTION
1.1 Review of Problems Related to Q in the Mantle
If the earth were perfectly elastic, seismic waves, whatever their 
origin, would continue to vibrate indefinitely. Because the earth is not 
perfectly elastic, vibrational energy is progressively dissipated. As the 
material through which the vibrations pass is strained, energy is lost - in 
the form of heat - through what is often collectively referred to as solid 
friction. The loss of elastic energy in this manner is generally known as 
anelasticity. The quality factor Q is a useful measure of anelastic damping. 
For most purposes, Q may be conveniently defined in terms of the dissipation 
factor Q that is, 2ttQ x is equal to the fraction of the total strain 
energy dissipated per cycle. In general a better understanding of 
anelasticity in terms of Q mechanisms, i.e. the manner in which vibrational 
energy is attenuated in the earth, would be of great value to earth scientists.
So far, many researchers interested in how tectonic features odcur on 
the earth have had to rely on creep mechanisms for their explanations. A 
better understanding of the temperature, pressure, grain structure, etc., 
in the crust and mantle would enable these workers to put forward more 
sophisticated explanations. More information about such physical conditions 
may possibly be deduced from Q mechanisms found by seismological means.
Turning to a more specific problem in seismology, it is not known how 
anelasticity and phase velocity dispersion are related to frequency for 
mantle material. It is assumed that parameters such as temperature, pressure, 
grain structure, chemical composition, and relaxation time, play an important
2role in Q mechanisms. Experimental work by Lomnitz (1956,' 1957b) and 
theoretical work by Futterman (1962) , Strick (1967) , and others indicate that 
velocity dispersion due to attenuation is a first order effect. Lomnitz's 
theory is based on an experimentally-obtained logarithmic creep function 
and on Boltzmann's after-effect equation; this enabled him to specify Q 
as a function of frequency. The weakness of this theory is that primary 
creep would continue indefinitely, which is physically impossible. On the 
other hand, Futterman's theory is based on dispersion relations of the 
Kramers-Kronig type used in electric circuit theory. Using these relations, 
Futterman was able to derive equations for velocity dispersion and Q 
respectively. These results were criticized by Strick (1967) because 
Futterman's theory is based on a linear frequency dependence for attenuation 
which extends to infinite frequency. Another criticism of this theory is 
that it is empirical and not based on any physical mechanisms of attenuation 
(Liu, Anderson and Kanamori, 1976).
Another approach to the problem of identifying possible causes for 
anelasticity in the mantle is to examine attenuation mechanisms discovered 
in various fields of the physical sciences. A complete review of such 
mechanisms has been given by Gordon and Nelson (1966) and Jackson and 
Anderson (1970). If a separate attenuation mechanism can be determined for 
each part of the mantle, then much information may be gained about melt 
zones, chemical phase transitions which may exist in layers in the earth, 
lateral inhomogeneities, grain structure, etc.
In the past it has been assumed that phase velocity dispersion was a 
second order effect of attenuation. Dispersion was ignored despite 
objections by Jeffreys (1965), and the work of Lomnitz and Futterman. Using 
this assumption, attempts have been made to construct average velocity models
3f o r  t h e  e a r t h  by i n v e r s i o n  o f  f r e e - o s c i l l a t i o n  e i g e n p e r i o d s  (D z iew onsk i  
and G i l b e r t ,  1972; J o rd a n  and A nderson , 1974; G i l b e r t  and D z ie w o n sk i ,  1975; 
A nderson  and H a r t ,  1 9 7 6 ) .  However, i t  h a s  been  found t h a t  t h e s e  m odels 
p r e d i c t e d  l a r g e r  t r a v e l  t im e  s h i f t s  th a n  i s  a c t u a l l y  o b s e rv e d  i n  body wave 
t r a v e l  t im e s .  J o rd a n  (1975) a t t e m p te d  to  a t t r i b u t e  t h i s  o b s e rv e d  d i s c r e p a n c y  
to  c o n t i n e n t a l - o c e a n i c  m a n t le  d i f f e r e n c e s  e x te n d in g  to  g r e a t  d e p t h s ;  how ever ,  
such  an a d ju s tm e n t  f o r  m a n t le  d i f f e r e n c e s  h a s  b een  c r i t i c i z e d  by H a le s  (1976) 
who c o n te n d e d  t h a t  r e g i o n a l  d i f f e r e n c e s  i n  t h e  ScS and m u l t i p l e  ScS r e s i d u a l s  
can be  accommodated i n  t h e  u p p e r  250 km o f  th e  m a n t le .
More r e c e n t l y ,  i t  h a s  b een  c o n s id e r e d  t h a t  p h a se  v e l o c i t y  d i s p e r s i o n  
may be  a f i r s t  o r d e r  e f f e c t  o f  a t t e n u a t i o n ,  and t h a t  t h e  a s s o c i a t i o n  be tw een  
d i s p e r s i o n  and a t t e n u a t i o n  may be  r e l a t e d  t o  a Q mechanism o f  some ty p e  
( R a n d a l l ,  1 9 7 6 ) .  L iu ,  A nderson  and Kanamori (1976) have  d e m o n s t r a te d  t h a t  
i f  Q i s  c o n s t a n t  o v e r  t h e  s e i s m ic  f r e q u e n c y  ra n g e  th e n  p h a se  v e l o c i t y  
d i s p e r s i o n  i s  o f  t h e  F u t te rm a n  ty p e .  I t  was found t h a t  b e t t e r  v e l o c i t y  
m odels  f o r  t h e  e a r t h  c o u ld  be  a c h ie v e d  by c o r r e c t i n g  f r e e  o s c i l l a t i o n  
e ig e n p e r i o d s  u s in g  F u t t e r m a n ’s d i s p e r s i o n  e q u a t i o n  w i th  t h e  Q f o r  t h e  
a s s o c i a t e d  modes ( H a r t ,  A nderson  and K anam ori ,  1 9 7 7 ) .  Hence t h e  e x i s t e n c e  
o f  deep c o n t i n e n t a l - o c e a n i c  m a n t le  d i f f e r e n c e s  need  n o t  be  in v o k ed  to  e x p l a i n  
b a s e l i n e  s h i f t s  i n  body wave d a t a .
The above d i s c u s s i o n  s u g g e s t s  t h a t  many a r e a s  o f  t h e  e a r t h  s c i e n c e s  
w ould  b e n e f i t  from d e t e r m i n in g :
(1) a b e t t e r  m easurem ent o f  Q w i th  i n c r e a s i n g  d e p th ;
(2) how p h a se  v e l o c i t y  d i s p e r s i o n  v a r i e s  w i t h  Q and f r e q u e n c y ;
(3) w h e th e r  Q depends  on f r e q u e n c y ;  and
(4) t h e  r e l a t i o n s h i p  b e tw een  Q and p h a se  t r a n s i t i o n  zones  o r  l a y e r i n g
i n  t h e  m a n t le .
4A knowledge of these parameters, inter alia, would lead to the 
deduction of more refined Q and velocity models from free oscillation 
eigenperiods, a better understanding of plate tectonics in relationship 
to the upper mantle, and a better understanding of physical and chemical 
properties of the earth.
1.2 Previous Q Estimates from Body Wave Data
Press (1956) undertook pioneering work to determine Q , the average
p
quality factor of S waves, in the whole mantle. He estimated its value to be 
500 by comparing the amplitude ratios of S waves multiply-reflected between 
the earth's surface and the outer core. A similar type of analysis was used 
by Kovach and Anderson (1964) who found Q to be approximately 600 for the
p
frequency range 0.015 to 0.07 Hz. By assuming the radiation from the source 
to be equal to the upward and downward directions, they were able to 
establish a Q„ of 200 for the upper 600 km of the mantle, and about 2200 for
p
the rest of the mantle; for the base of the mantle Q0 is at least 5000.
p
Sato and Espinosa (1967) obtained Q0 values which decreased with increasing
p
period, from 720 at 34 sec to 232 at 90 sec. Using spectral ratios of ScS, 
ScP and PcS phases, Kanamori (1967b) found the average Q to be 324 for the
p
mantle in the period range 1.5 to 5 sec.; furthermore, he ascertained the 
average P wave quality factor to be 435 for the same period range.
It is suspected that the ratio Q^/Q^ is strongly dependent on physical 
mechanisms of attenuation; however, there is no widely accepted theory as 
to what the ratio should be. Even so, it appears most probable that the 
value of this ratio lies between 1 and 3. So far very few values have been 
reported. Kanamori (1967a) determined /Q^ as being approximately equal to
51 for a period of 1 second. Using spectral ratios of ScS, ScP and PcS 
phases, Kanamori (1967b), on the basis of only three seismic events, also 
estimated Q^/Q^, for the period range 1.5 to 5 sec., as 1.9. More recently, 
Takano (1971) reported estimates for two different period ranges. For 0.1 
to 1 sec. the ratio was 2.5; for 1 to 10 sec. it was 1.7. Takano's results, 
like those of Sato and Espinosa, indicate that Q decreases with increasing 
period.
However, layering in the mantle may have a similar effect on the 
relationship between amplitude ratio and frequency. The shape of the curve 
which resulted when he plotted P-wave amplitude ratio against epicentral 
distances led Teng (1967) to suggest that there may be a low-Q zone at the 
core-mantle boundary. Kanamori (1967a), examining P and PcP phase data for 
the period range 0.5 to 2 sec., also concluded that there may be a low-Q 
zone at the core-mantle boundary; furthermore, he estimated that it was 
a transition zone of thickness less than 1 km. Other researchers lending 
weight to the low-Q zone hypothesis are Buchbinder and Poupinet (1973) and 
Ibrahim (1971a,b).
1.3 Research Goals
The previous discussion indicates that more research is needed to 
obtain values of Q with better precision. Earlier attempts to obtain Q 
values for short period compressional and shear waves have so far produced 
limited results. With the advent of computers and the development of 
appropriate computer techniques, however, many of the data processing 
problems of the past have been overcome. New high resolution spectral 
techniques for limited amounts of data have been developed in recent times 
(Burg, 1967; Lacoss, 1971; Ulrych and Bishop, 1975). To the author's
6knowledge these spectral methods have not been applied previously in an 
attempt to obtain better power estimates for short period seismic time 
series.
Accordingly the aims of this project are to determine:
(1) if there are better methods than the more conventional Fourier methods 
of obtaining the earthquake impulse response function;
(2) the Q structure for both shear and compressional waves in the mantle 
using P, S, ScP and PcP phases;
(3) whether Q is frequency dependent.
1.4 Outline of This Thesis
The acquisition of the data will be discussed in Chapter 2. This 
discussion will include the equipment limitations and the signal enhancement 
procedures used to improve the signal-to-noise ratios of the seismic phases.
In Chapter 3 the nature of attenuation will be considered. Other factors 
(source radiation, instrument response, etc.) which modify the characteristics 
of seismic wavelets will be discussed in Chapter 4, in order to demonstrate 
how they may be removed from the data. In addition to the specific impulse 
responses, the data is always contaminated by noise arising from wave 
scattering (signal generated noise, Key, 1967) and microseisms. These 
phenomena usually cannot be treated analytically. Accordingly, in Chapters 
5 and 6 current techniques of signal enhancement will be investigated to 
determine the best available method or methods for estimating the attenuating 
properties of the earth. The results obtained in this manner, including 
determination of the distribution and frequency dependence of Q in the mantle, 
will be presented in Chapter 7. In conclusion a summary of the research done 
in this thesis is presented in Chapter 8, along with a discussion of possible 
areas for further investigation.
7CHAPTER 2
DATA ACQUISITION AND PROCESSING
2.1 Data Acquisition
2.1.1 The Array
Data collected at the Warramunga Seismic Array (WRA), situated near 
Tennant Creek in the Northern Territory of Australia, has been used in this 
study. This array is one of the UKAEA arrays (Keen et al., 1965), and is a 
modified L-shaped configuration with ten seismometers on each leg, as shown 
in Figure 2.1. The separation between seismometer pits was fixed at 2 to 
2.5 km which has proved to be a near optimum separation to ensure that the 
background noise is not correlated between instruments. These seismometer 
pit co-ordinates are given in Table 2.1.
The seismometers are short-period vertical component Willmore Mkll 
instruments, with a natural period of one second and a damping factor of 
0.64. The signals from the seismometers are telemetered, using a FM 
carrier, to a receiving station where all twenty are recorded simultaneously 
on 24 channel magnetic tape. In addition to the 20 seismic channels, two 
tracks are recorded with a constant frequency for wow and flutter correction 
and another track is used for a digital time code.
WRA commenced operation in 1965 as part of the United Kingdom Atomic 
Energy Authority (UKAEA) nuclear surveillance network. The site was chosen 
because of its remoteness from cultural noise, and the seismometer pits were 
located on granite to minimise locally-generated noise.
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Since the commencement of operations at WRA a large data set has been 
collected on magnetic tape. Previous studies carried out at the Australian 
National University (ANU) using these data have included the development 
of array processing techniques (Muirhead, 1968; King, 1974) and velocity 
modelling of P phases in the mantle (Wright, 1970; Simpson, 1973; and 
Ram Datt, 1977). The determination of an associated Q model provides a 
natural complement to these studies.
2.1.2 Playback System
The analog magnetic tapes received from the array are played back 
using equipment installed at the Australian National University (A.N.U.).
A complete description of this playback equipment is contained in the 
thesis by Muirhead (1968).
The analog signals are first amplified and then demodulated to remove 
the 270 Hz FM carrier. The resulting amplitude signals are then re-amplified 
and passed through a bank of high and low pass analog filters to remove 
background noise associated with the recording station and the playback 
system. These filters were set for a frequency band range of 0.1 through 
3.5 Hz for this study.
The transfer of a specific event from analog tapes to digital form is 
accomplished in the following manner. First, the magnetic tape is replayed 
and reviewed on a 16-channel Oscillomink chart recorder. When the required 
event is detected the tape is backed up and the event digitized using a 
12-bit analog-to-digital converter (ADC). The resulting digital information 
is temporarily stored on computer disc in a multiplexed form, and then trans­
ferred from disc to digital magnetic tape. A block diagram of the above 
equipment arrangements and its interaction with the Datacraft 6024/4
11
computer is shown in Figure 2.2.
A theoretical dynamic range of 72 dB could be achieved if the playback 
and recording systems were set up for maximum efficiency. Because of the 
dynamic range of analog magnetic tapes and microseismic and systems noise, 
however, the usable dynamic range is reduced to between 40 and 60 dBs. This 
dynamic range reduction will become more apparent when spectral observations 
are considered in Chapters 5 and 6.
2.1.3 The Data Set
Using the playback system just described, thirty-two seismic events 
were digitized from the analog magnetic tapes prepared at WRA. Each phase 
(P, PcP, ScP, S) was digitized in 200 second segments at a rate of 
approximately 27 samples per second. Most of these events have a large- 
amplitude ScP phase associated with them, because it was originally intended 
that this would be the main phase to be studied. Event location, source 
depths, earthquake magnitudes and origin times were taken from the U.S.G.S., 
Norsar, and B.I.S.C. bulletins; this information is tabulated in Table 2.2.
In Figure 2.3 a portion of an equal distance map projection of the 
earth’s surface with WRA co-ordinates at the centre demonstrate pictorially 
the distribution of the earthquake epicenters along with their vertically 
projected raypaths. The arrows in this figure indicate the directions in 
which the down-going slabs are being subducted. In the Pacific, the Tonga- 
Kermadec and Mariana subducted slabs dip towards WRA, whereas the New Hebrides 
slab is also being subducted away from WRA. All these down-going slabs, with 
the notable exception of the New Hebrides slab, are dipping with an approximate 
angle of 45 degrees. The New Hebrides slab dips at an angle of approximately 
75 degrees in the south and 80 degrees in the north. There appears to be a
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relationship between the age of the ocean floor being subducted and the 
dip angle of the down-going plate. The older the ocean floor the less the 
dip angle (Molnar and Atwater, 1978). Assuming that the Benioff zone is 
on the upper side of the slab, P and S phases from earthquake sources in the 
New Hebrides and Sunda arc zones must pass through the slab before reaching 
WRA. In all cases the ScP and PcP phases pass through the slab. Perturb­
ations on Q values caused by the age and thickness of the material in the 
down-going slab through which the seismic wave travels are unknown. This 
will be explored more fully in Chapter 7.
2.2 Preliminary Data Processing
Azimuths and epicentral distances to WRA were calculated from the 
epicenter co-ordinates given in Table 2.2. In addition, the slownesses 
(dt/dA) of each seismic phase were calculated from the Jeffreys-Bullen 
(J-B) tables. These calculated values are presented in Table 2.3. The 
azimuth and slowness were then used for stacking (sum and delay) the array 
data for each phase to a common point. Because limited information exists 
about possible station anomalies (Wright, 1970) each of the channels were 
equally weighted. The stacked channels would then represent the best 
average response of the earthquake under study (Mack, 1969).
Some precision can be expected to be lost by not implementing an 
adaptive array processing technique (beamforming) to determine the azimuths 
and slownesses for these seismic phases. However, at a sampling rate of 
25 samples/second the best precision achieved from WRA data is 2 degrees of 
the actual azimuth and 0.2 sec/deg of the actual slowness (Ram Datt, 1977). 
The calculated values in Table 2.3 are therefore within the precision given 
by adaptive processing. Misalignment of the. stacked data will mainly affect
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the higher frequencies. For example, if two channels were stacked and the 
delay times were off by 0.17 second, a 3 Hz wave would add out. In addition, 
misalignment of the array will cause oscillations in power spectrums because 
of constructive and destructive interference. This effect and how to 
eliminate it will be considered in Chapters 5 and 6.
If the noise component (i.e. white noise, microseisms, and other 
seismic phases) can be considered random, the optimal amplitude noise 
reduction of the stacked record would be the square root of the number of 
channels used in the stack (Robinson, 1970). However, all the noise 
components cannot be considered as random, therefore the noise reduction 
will be somewhat less than the optimal value. Figure 2.4 through 2.10 are 
examples of the records used for stacking and the final results of the 
stacking procedure.
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RED L IN E  CHANNEL N O .-  1. 
NORMALIZATION FACTOR- .N 0 6 3 0 7 E « 0 2  
F IL T E R  FR E Q .= 8 . 68 8 6 6 6 H Z .
REO L IN E  CHANNEL N O .=  2 .  V 
NORMALIZATION FACTOR: .3 9 3 9 2 0 E *8 2
F IL T E R  F R E Q .= 0 . 68O 880HZ.
REO L IN E  CHANNEL N O .=  5 .  V 
N O R M R .IZATIO N  FACTOR- .3 8 5 3 1 6 E *0 2  
F IL T E R  FREQ. = 0 . O 0 00 00 H Z .
REO L IN E  CHANNEL N O .-  8 .  V 
NORMALIZATION FACTOR: .3 7 8 1 8 9 E « 0 2
F IL T E R  F R E Q .= 8 . O0OO0OHZ.
REO L IN E  CHANNEL N O .*  7 .  V 
NORMALIZATION FACTOR: ,3 2 8 N 0 S E *0 2
F IL T E R  F R E O .= 0 .0 0 0 0 0 0 H Z .
BLUE L IN E  CHANNEL N O .= 2 .  V 
N O R M H .IZATIO N  FACTOR: .3 5 2 0 3 5 E *0 2
F IL T E R  F R E Q .= 0 . 00 0 0 0 0 H Z .
b l u e  l i n e  c h a n n e l  n o . = 3 .
NORMALIZATION FACTOR: ,3 8 7 1 6 8 E *0 2
F IL T E R  FREQ. : 0 . 0 0 8 0 0 0 H Z .
BLUE L IN E  CHANNEL N O .= N . 
NORMALIZATION FACTOR: ,3 7 2 5 3 3 E *8 2
F IL TE R  F R E Q .= 0 . 0 0 0 0 0 0 H Z .
BLUE L IN E  CHANNEL NO. - 5 .  V 
NORMAL IZ A T IO N  FACTOR: .3 N I8 9 N E *0 2
F IL TE R  FR E Q .= 8 . 0 0 0 0 0 8 H Z . .
BLUE L IN E  CHANNEL N O .= 8 .  V 
NORMALIZATION FACTOR: ,3 2 0 7 6 N E *0 2
F IL T E R  F R E Q .= e .808880HZ.
BLUE L IN E  CHAW CL N 0 . : 7 .  
NORMALIZATION FACTOR: . 37 B 2 79 E » 02
F IL T E R  FR EQ .= 8 . 00 8 0 0 8 H Z .
BLUE L IN E  CHAFWEL NO. = 8 .  V 
NORMALIZATION FACTOR: .3 3 6 T W E * 8 2
F IL T E R  FR E Q .= 8 . 08e068HZ.
BLUE L IN E  CHANNEL NO. = 18 . 
NORMALIZATION FACTOR: ,5 0 7 8 8 5 E *0 2
F IL TE R  FR E Q .= 8 . 8 8 80 0B H Z .
Beaniformed sum
NORMALIZATION FACTOR: ,3 6 8 I8 1 E « « 2
Figure 2.4 Seismogram of individual array channels, time record, and 
beamformed trace, for ScP phase of Event No. 3.
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REO LINE CHANNEL N0.= 1. 
NORMALIZATION FACTOR= .3 3 0 0 9 lE *0 3  
FILTER FREO.= 0 .C20000HZ.
L INI
NORMALIZATION FACTOR= .315457E»03 
FILTER FREO.= 0 .000000HZ.
— W 'A ,
REO LINE CHANNEL N0.= 
NORMALIZATION FACTOR:
NORMALIZATION FACTOR: .236740E*03
FILTER FREQ.= 0 .000000RZ.
REO LINE CHANNEL N0.= 7. 
NORMALIZATION FACTOR: .213239E *03
FILTER FREO.= 0 .000000HZ.
REO LINE CHANNEL N0.= 0.
NORMAL 12AT1 ON FACTOR: .265175E *03
F1LTER FREO.= 0 .000000HZ.
9LUE LINE CHANNEL N O .= l. 
NGRMfLiZATlON FACTOR: .347323E *03
FILTER FREO.=0.000000HZ.
BLUE LINE CHANNEL NO. =2. 
NORMALIZATION FACTOR: .362475E *03
FILTER FREQ.= 0 .000000HZ.
BLUE LINE CHANNEL NO. =3.
NORMiL IZAT ION FACTOR: .3 l7 77 2E «0 3
FILTER FREQ.= 0 .000000HZ.
BLUE LINE CHANNEL NO.=4. 
NORMALIZATION FACTOR: .275353E»03
FILTER FREO.= 0 .000000HZ.
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fa A /A A ^ y V ) /W A A /v^ W W V ^
BLUE LINE CHANNEL NO. =5. 
NORMALIZATION FACTOR: .256253E *03
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NORMALIZATION FACTOR: .1639321*03
FILTER FR EO .:0.000000H Z.
ABLUE LINE CHANNEL N O .:9. 
NORMALIZATION FACTOR: .234409E«03
FILTER FREC.=0.000000HZ.
BLUE LINE CHANNEL NO. = 10. 
NORMALIZATION FACTOR: .263434E«03
FILTER FREQ.=0.000000H2. i
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Figure 2.5 Seismogram of individual array channels, time record 
beamformed trace, for P phase of Event No. 20.
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SED LINE CHANNEL N0.= 1. 
NORMALIZATION FACTOR: .473440E.02
FILTER F REO.= 0.000000HZ.
REO LINE CHANNEL NO.- 2. 
NORMALIZATION FACTOR: .33S393E.02
FILTER FREO.=0.000000HZ.
REO LINE CHANNEL NO.: 3. 
NORMALIZATION FACTOR: .702651E*02
FILTER FREQ.=0.00B0O0HZ.
V V ^ vAA,'rw^ 'A/
fsTS^v.'
RED LINE CHANNEL NO.: 4. 
NORMALIZATION FACTOR: .881862E.02
FILTER FREQ.=0.000B00HZ.
REC LINE CHANNEL NO.= B. 
NORMALIZATION FACTOR: .371602E.02
FILTER FREO.=0.000000HZ.
REO LINE CHANNEL N0.= 7. 
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REO LINE CHANNEL NO.: 8. 
NORMALIZATION FACTOR= .48B168E*02 
FILTER FREO.=0.000000HZ.
9LUE LINE CHANNEL NO.=3. 
NORMALIZATION FACTOR: .433790E*02
FILTER FREO.=0.000000HZ.
SLUE LINE CHANNEL N0.=N. 
NORMALIZATION FACTOR: ,4960B7E*02
FILTER FREQ.=0.000800HZ.
BLUE LINE CHANNEL N0.:5. 
NORMALIZATION FACTOR: .617500E.02
FILTER FREO.:0.000000HZ.
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3LUE LINE CHANNEL NO.=6. 
NORMALIZATION FACTOR: .549958E-02
FILTER FREO.=0.000000HZ.
SLUE LINE CHANNEL NO.:7. 
NORMALIZATION FACTOR: .542886E.02
FILTER FREO.:0.00?000HZ.
BLUE LINE CHANNEL NO.=8. 
NORMALIZATION FACTOR: .486141E.02
FIl TER FREQ.=0.000000HZ.
BLUE LINE CHANNEL NO.=10. 
NORMALIZATION FACTOR: .223680E*03
FILTER FREO.=0.000000HZ.
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Beamformed sum
NORMALIZATION FACTOR: .367254E.02
Figure 2.6 Seismogram of individual array channels, time 
record and beamformed trace, for P phase of Event No. 11.
RED LIN E  CHANNEL N O .: I .
NORMAL 1ZAT1 ON FACTOR: .1 B3973E.03
f iL T E R  f r e q . : 0 . 000000Hz.
RED LIN E  CHANNEL NO.= 2 . 
NORMALIZATION FACTOR= . I0 327N E *03 
FILTER FREQ.=  0 . B0B00BHZ.
RED LIN E  CHANNEL NO. = 3 . 
NORMALIZATION FACTOR: . 106872E .03
FILTER  F R E O .:0 .0 00 00 0H Z .
REO LIN E  CHANNEL NO.
NORMALIZATION FACTOR: . 103332E .03
FILTER  FREQ.= 0 .000000H Z.
REO LIN E  CHANNEL NO.= 7 . 
NORMALIZATION FACTOR: . I33N 53E *03
FILTER  F R E J.= 0 .00 00 00 H Z .
REO LIN E  CHANNEL N O .: 8 . 
NORMALIZATION FACTOR: . 14B53BE.03
FILTER FR EQ .=B .000000H Z.
BLUE LIN E  CHANNEL NO. = l .  
NORMALIZATION FACTOR: . II9 0 3 3 E .0 3
FILTER  FREQ.= 0 .0BB000HZ.
SLUE LIN E  CHANNEL N 0 . : 2 .  
NORMALIZATION FACTOR: . I2 3 I5 3 E *0 3
FILTER  F R E Q .:0 .BB0000HZ.
BLUE LIN E  CHANNEL N 0 . : 3 .  
NORMALIZATION FACTOR: . 129B31E«03
FILTER  FREQ.= 0 .000000H Z.
BLUE LINE CHANNEL N O .:4 . 
NORMALIZATION FACTOR: .1 2 0 9 4 9 E .0 3
FILTER FREQ.= 0 .000000H Z.
BLUE LIN E  CHANNEL N O .:5 . 
NORMfCIZATION FACTOR: . I2 7 5 3 1 E .0 3
FILTER  F R E 7.=0 .0 00 00 0H Z .
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BLUE LIN E CHANNEL NO. = 6 . 
NORMALIZATION FACTOR: .I1 O 8 6 7 E .0 3
FILTER  FREQ.= 0 .000000H 2.
BLUE LIN E  CHA*WEL N O .:? . 
NORMALIZATION FACTOR: .1 0 6 2 3 6 E *0 3
FILTER  FREQ.= 0 .000000H Z.
BLUE LIN E CHANNEL N O .:B . 
NORMALIZATION FACTOR: . I4 0 8 0 3 E .0 3
FILTER  FREQ.= 0 .000000H Z.
Beamformed sum
NORMALIZATION FACTOA: . 10185OE*03
Figure 2.7 Seismogram of individual array channels, time 
record and beamformed trace, for P phase of Event No. 25 .
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NORMALIZATION FACTOR: .8 7 2 ll8 E - » 0 3
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Figure 2♦8 Seismogram of individual array channels, time 
record and beamformed trace, for P phase of Event No. 32.
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Figure 2.9 Seismogram of individual array channels, time 
record and beamformed trace, for P phase of Event No. 34
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Figure 2.IQ Seismogram of individual array channels, time 
record and beamformed trace, for P phase of Event No. 11.
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CHAPTER 3
THE PHYSICS OF ATTENUATION
3.1 Introduction
If a substance is excited by a harmonic wave of elastic energy E, the
substance dissipates the energy of the wave by a small amount dE per cycle.
This energy loss can be defined in terms of the dissipation factor Q  ^ (or
quality factor Q)
2 tt dE
Q E 3.1
where for the present it is assumed that Q is frequency independent. If in 
time t the initial energy Eq of the wave is reduced by this means to some 
value E, Equation 3.1 can be written as
-E dE
~ E  E o
Integrating,
,t 2ji 
o Q 3.2
E = Eq exp(-wt*) 3.3
where t* = t/Q.
As a teleseismic wave passes through the earth it is attenuated by the 
material in its path. Because Q is not constant throughout the mantle, one 
must determine the Q^y> or alternatively t* values, for many raypaths in 
order to assess the contribution to attenuation in various regions in the 
mantle. One method for determining the distribution of Q in the mantle 
will be the subject of a later chapter.
Bounds on Q /Q_a 3 can be expressed to some degree in terms of rigidity y,
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b u l k  modulus K and d e n s i t y  p .  Us ing  t h e  p r o p a g a t i o n  c o n s t a n t  o r  complex 
wave k ,  t h e  p h a s e  and a m p l i t u d e  o f  a p r o p a g a t i n g  body wave can be e x p r e s s e d  
as
k = k + ik*  3 .4
o r ,  i n  t e rms  o f  complex c o m p r e s s i o n a l  and s h e a r  v e l o c i t i e s ,
a = a + i a *
and 3 .5
ß = ß + i ß * .
For  t h e  complex wave k ,  t h e  d i s s i p a t i o n  f a c t o r  Q ^ o f  c o m p r e s s i o n a l  waves 
and Q ^ o f  s h e a r  waves can be  e x p r e s s e d ,  i n  t e rm s  o f  t h e  above complex 
v e l o c i t i e s ,  as  f o l l o w s :
Q ^ = 2 a * /a
a
and 3 .6
Q"1 = 2 ß * / ß .
S i m i l a r l y  t h e  complex v e l o c i t i e s  can be  w r i t t e n  i n  t e rm s  o f  t h e  complex 
b u l k  modulus K, complex r i g i d i t y  y and r e a l  d e n s i t y  p:
a 2 = [K + ( 4 /3 )  y ] /p 
32 = p / p .
3.7
S u b s t i t u t i n g  E q u a t io n s  3 .7  i n t o  E q u a t i o n s  3 . 6 ,  t h e  d i s s i p a t i o n  f a c t o r  
f o r  c o m p r e s s i o n a l  and s h e a r  waves becomes:
Qa 1 = [K* + ( 4 / 3 ) y * ] / [ K  + ( 4 / 3 ) y ]
Qg1 = y * / y .
3 .8
Combining t h e  above e q u a t i o n s ,  t h e  r a t i o  o f  t h e  d i s s i p a t i o n  f a c t o r s  f o r  P
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and S body wave phases can be written
(f)2 [K* + (4/3) u*]/u* 3.9
Anderson et al., (1965) plotted the quality factor ratios against the 
square of the body wave velocity ratios for several values of K*/y*, as shown 
in Figure 3.1. They demonstrated that when K* = 0 (which is the upper bound),
Anderson et al., (1965) also constructed Q models for the earth on the
assumptions of various Q ratios and compared experimental Rayleigh and Love
wave data with the models. The Rayleigh and Love wave amplitude frequency
curves calculated from the models are compared with the experimental data
in Figure 3.2. As indicated by the figure, the best fit of the experimental
9data to the model data is given by = — Q^, implying that K* = 0. They
acknowledge, however, that experimental error in the data will allow values 
u*as high as K* = — . Therefore the bounds for Qa/Qß could be as large as
Qa1.8 < -r—  < 2.6 . 3.11
Q3
Solomon and Toksoz (1970) determined, from ratios of differential t* data
for P and S phases, a t*/t* value of 4.00 ± 0.77 at 10 seconds mid-period.3 a
The differential t* ratio divided by the mantle velocity ratio a/3 gives 
a Qa/Qg range of
Q /Q for mantle velocities is bounded as: a p
Qa2.35 < —  < 2.60 .
3^
3.10
3.12
which is approximately the same as the estimate given in Equation 3.11.
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0-2 0 2 5 0 3 3  0-35
Mantle
K = 0
Figure 3.1 Ratio of longitudinal to shear wave quality factors as 
a function of the square of the longitudinal to shear wave velocity 
ratio with complex compressibility as a parameter. (After Anderson 
et al., 1965).
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Q Model M M 8
LOVE
X X X X X X__ X
150
Period, sec.
Figure 3.2 Attenuation data from Anderson et al., 1965 study for Love (X) 
and Rayleigh (.) waves. The circled data are from Savarensky et al., (1961), 
Ewing and Press (1954), Bath and Lopez Arroyo (1962), and Sato (1958). The 
curves are theoretical results for model MM8. (After Anderson e t a l .,
1965).
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Because there are large errors associated with both sets of data, the data 
are not sufficiently accurate to indicate a frequency dependence of Q.
More accurate measurements need to be made at long periods in order to 
resolve the question. The spectral techniques discussed in Chapters 5 and 
6 may be of value in obtaining more accurate Q /Q measurements at long
ot p
periods in the presence of noise.
As pointed out above, a relationship K* = —  for the complex bulk and 
rigidity moduli would imply a /Q^ less than 2.5. Since both Q ’s due to 
rigidity and bulk modulus are positive, and must satisfy
3/4 (f) 2 3.13
Furthermore, the compressional or bulk quality factor Q can be expressedK.
in terms of and Qp and L (Anderson and Hart, 1978a,b):
o . (1~L) QqQs
K Qß - L Qa
This relationship will be discussed more fully in Chapter 7, when its 
implications for the data of this thesis are considered.
3.14
3.2 Mathematical Description
It has long been recognized that Q must be frequency dependent 
(Lomnitz, 1957a; Lamb, 1962; Jeffreys, 1965; Kogan, 1966a,b;
Jackson, 1969; Jackson and Anderson, 1970; Randall, 1976). Laboratory 
measurements of dry solids appears to indicate a Q which is frequency 
independent (or nearly so) over a wide range of frequencies (Attewell and 
Ramana, 1966; Knopoff, 1964). Free oscillation, surface wave, and long
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p e r i o d  body wave Q measurements  do n o t  g iv e  e v i d e n c e  o f  f r e q u e n c y  
d e pe ndenc e  f o r  t h e  most  p a r t .  Knopoff  (1964) s u g g e s t e d  t h a t  t h e  v a r i o u s  
f r e q u e n c y - d e p e n d e n t  Q mechanisms which  o c c u r  i n  t h e  e a r t h ' s  m a n t l e  combine 
t o  g iv e  an a lm o s t  f r e q u e n c y - i n d e p e n d e n t  a v e r a g e  Q. T h i s  m e c h a n i s m -a v e r a g i n g  
h y p o t h e s i s  h a s  been  a c c e p te d  t o  some d e g r e e  up t o  t h e  p r e s e n t  ( L iu  e t  a l . ,  
1 9 76 ) .  One a pp roach  has  t h e r e f o r e  been  t o  d e v e lo p  a p u r e l y  m a t h e m a t i c a l  
model  i n  which Q i s  a lm os t  f r e q u e n c y  i n d e p e n d e n t ,  su c h  t h a t  t h e  p r i n c i p a l  
o f  c a u s a l i t y  w i l l  n o t  be v i o l a t e d .  Us ing  t h i s  a p p ro a c h  v a r i o u s  m a t h e m a t i c a l  
models  have  been  deve loped  t o  f i t  o b s e rv e d  d a t a  (Kogan, 1 9 6 6 a ,b :  F u t t e r m a n ,
1962;  S t r i c k ,  1967;  Lamb, 1962;  K a l i n i n  e t  a l . , 1967;  Az imi ,  e t  a l . ,
1968;  Gladwin and S t a c e y ,  1974; S t a c e y  e t  a l . , 1975 ) .  These  models  
p r e d i c t  a change  i n  phase  v e l o c i t y  accompanying  f r e q u e n c y - d e p e n d e n t  Q i n  an 
a b s o r b i n g  media .
The p r i n c i p l e  of  c a u s a l i t y  must  be  f u l f i l l e d  b e f o r e  e q u a t i o n  3 . 3  i s  
p h y s i c a l l y  r e a l i z a b l e .  With a c o n s t a n t  Q, e q u a t i o n  3 . 3 .  i s  n o n - c a u s a l ,  
wh ich would imply  t h a t  an o b s e r v e r  some d i s t a n c e  away from a s o u r c e  e m i t t i n g  
e l a s t i c  e n e rg y  would f e e l  t h e  e f f e c t s  o f  t h e  s o u r c e  b e f o r e  t h e  e l a s t i c  
e n e rg y  was g e n e r a t e d .  For a p u l s e  F ( t , x )  e m i t t e d  from a s o u r c e  a t  a d i s t a n c e  
x ,  t h e  f o l l o w i n g  c o n d i t i o n s  must  h o l d :  I f
F ( t , o )  = o a t  t  < o
t h e n  3 .15
F ( t , x )  = o a t  t  < o
The above p u l s e  can  be d e s c r i b e d  i n  t h e  f r e q u e n c y  domain as
A(im) = Aq ( iw) exp [-(k( to)  + i  o)/v(co)) x] 3 .16
where  k(m) i s  t h e  a b s o r p t i o n  c o e f f i c i e n t  and v(w) i s  t h e  p h a s e  v e l o c i t y .
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This e q u at ion  g iv e s  an am plitude spectrum
|A(a))| = IA (to) I ex p (-k (w )x )  3 .17
T h is  i s  s im i la r  to  Equation 3 . 3 ,  ex cep t  th a t  now the  e x p o n e n t ia l  d i s c r im in a t e  
i s  e x p ressed  in  terms o f  d i s ta n c e  r a th er  than t im e. The d e t a i l s  o f  the  term  
IA (tu) I w i l l  be d is c u s s e d  in  Chapter 4; the  main i n t e r e s t  h e r e . i s  in  the  
a b so r p t io n  c o e f f i c i e n t  k (m ), so  for  the  p r e s e n t  (A (w)| w i l l  be taken as 
u n i t y .
In Equation  3 .1 6 ,  i f  the  a b so r p t io n  c o e f f i c i e n t  k(oo) i s  known, the  
phase component must meet the requirem ents  o f  th e  P aley-W iener c o n d i t io n .
That i s  to  sa y ,  i f  the  phase v e l o c i t y  o f  a p u l s e  t r a v e l l i n g  through a 
homogeneous i s o t r o p i c  medium i s  bounded by the  frequency  range o<m<°°, a 
n e c e s s a r y  and s u f f i c i e n t  c o n d i t io n  fo r  the square i n t e g r a b le  fu n c t io n  
A(go) > 0 to  be the Fourier spectrum o f  a c a u s a l  fu n c t io n  i s  the  convergence  
o f  the  i n t e g r a l  (P a p o u l is ,  1962)
00
/—oo
I Ln A(m) 1 
1 + a;2
dco < 00 3 .1 8
Because the  p u ls e  cannot e x i s t  b e fo r e  tim e z e r o ,  and assuming | A^(cu) ( = 1 ,  
Equation  3 .1 8  becomes
/o
k(m)
1 + u)2
da) < 00 3 .19
T h erefore  i f  th e  c o n d i t io n s  g iven  in  E quations 3 .1 5  and 3 .1 9  are f u l f i l l e d ,  
the  d e sc r ib e d  p u ls e  i s  r e a l  and c a u s a l .  S econ d ly , the  p u l s e  i s  o f  minimum 
phase ty p e ,  in  which the r e a l  and the  im aginary p a r t s  o f  e q u a t io n  3 .1 6  are  
H ilb e r t  Transform p a i r s .  That i s ,  i f  e i t h e r  the  r e a l  or im aginary component 
i s  known, the o th er  component can be form ulated .
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The above methods and c o n d i t i o n s  a r e  g e n e r a l  p r o c e d u r e s  f o r  
d e s c r i b i n g  an a p p r o p r i a t e  m a t h e m a t i c a l  model .  None o f  t h e  p r o p o s e d  models  
f o r  t h e  a b s o r p t i o n  c o e f f i c i e n t  k(oj) w i l l  be  d e s c r i b e d  i n  d e t a i l  h e r e .  
However ,  t hey  can  be p l a c e d  i n t o  two g e n e r a l  c a t e g o r i e s ;  e i t h e r  as  a 
f u n c t i o n  o f  w r a i s e d  to  some power (Lamb, 1962;  J e f f r e y s ,  1965;  S t r i c k ,  
1967; J a c k s o n  and Anderson ,  1 9 7 0 ) ,  o r  as  a p o l y n o m i a l  t y p e  i n  t e rm s  o f  w 
(Kogan,  1 9 6 6 a ,b ;  K a l i n i n  e t  a l . , 1967) .
The c h o i c e  o f  which t y p e  o f  a b s o r p t i o n  c o e f f i c i e n t  b e s t  f i t s  t h e  d a t a  
p r e s e n t e d  i n  t h i s  t h e s i s  and d a t a  f rom o t h e r  s o u r c e s  w i l l  be  t h e  s u b j e c t  
o f  C h a p te r  7.
3 . 3  P h e n o m en o lo g ic a l  and P h y s i c a l  D e s c r i p t i o n s
When m a t e r i a l s  a r e  e x c i t e d  by a c o u s t i c  e n e rg y  i n  t h e  l a b o r a t o r y ,  t h e y  
e x h i b i t  an a n e l a s t i c  p r o p e r t y  known as  i n t e r n a l  f r i c t i o n .  These  m a t e r i a l s  
a r e  assumed t o  f o l l o w  t h e  e q u a t i o n  f o r  what  i s  known as  a s t a n d a r d  l i n e a r  
s o l i d ,  wh ich  i n  t e rm s  o f  t h e  d i s s i p a t i o n  f a c t o r  Q ^ i s  w r i t t e n  ( Z e n e r ,  1948)
Arm-1
i x 2 21  +  T 00
3.20
where A i s  a c o n s t a n t  r e l a t e d  t o  t h e  r e l a x e d  and u n r e l a x e d  m o d u l i .  F u r t h e r ­
more,  T i s  t h e  r e l a x a t i o n  t im e  f o r  t h e  s u b s t a n c e .  I t  i s  p o s s i b l e  f o r  more 
th a n  one p h y s i c a l  mechanism t o  i n f l u e n c e  t h e  m a t e r i a l  a t  one t i m e .  I n  such  
c a s e s  E q u a t io n  3 .2 0  can be w r i t t e n  as  t h e  summation
-1 N A. T  . ( joi  — L i ___
2 2i = l  1 + xTool
3 .21
For a s e i s m i c  wave p a s s i n g  th r o u g h  m a t e r i a l  i n  t h e  e a r t h ’s m a n t l e ,  some 
v a r i a t i o n  o f  A^ and x^ would be e x p e c t e d .
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Temperature and pressure may play a large role in the variation of 
the relaxation time x. For a thermally activated relaxation mechanism, 
the relaxation time is given by the equation
T = tq exp[(E* + PV*)/RT] 3.22
which involves the activation energy E*, the activation volume V*, temperature 
T and pressure P. By varying the distributions of x values in Equation 3.21, 
one could make any sort of frequency dependence or independence desired.
Equation 3.21 is the dissipation factor expected where there are a 
finite number of relaxation mechanisms; one could, however, expect a whole 
suite of relaxation mechanisms to be involved - effects such as atomic 
relaxation, grain size, etc. (Liu et al., 1976) - which would result in a 
continuous distribution of relaxation times. The dissipation factor for 
such a continuous distribution function D(x) is
—  1 00
Q = fm D (x) — ~ ~ 2  d(^ nT) • 3.23 •
1 +  X 0)
In principle, when Q  ^ is known D(x) can be determined (Gross, 1947). Such 
determinations require inversion of an integral (the right side of Equation 
3.23), which can be subject to large error since Q  ^ (the left side of 
equation 3.23) is not known in analytical form. This procedure is thus 
impractical at the present time.
Some physical models of the mantle have been proposed in the light of 
what is known about the attenuation, as well as other physical and chemical 
parameters for mantle materials. Anderson and Archambeau (1964) have 
proposed a thermally activated mechanism which assumes that internal friction 
has the form
C exp[-(E* + PV*)/RT] 3.24
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where E*, P, V*, R and T are the same as those in Equation 3.22. The 
constant C is independent of frequency. They argue that the apparent high 
attenuation in the upper mantle and low attenuation in the lower mantle can 
be explained by the variations in temperature and pressure in these regions.
In the upper mantle the temperature conditions are expected to dominate, 
giving rise to high internal friction, whereas in the lower mantle the 
increase in pressure suppresses the effect of temperature, thereby reducing 
the internal friction.
Of the physical mechanisms likely to be important sources of 
attenuation in the mantle, most tend to have a strong frequency dependence. 
Anderson (1967) points out that a distribution of both physical and chemical 
properties may weaken any existing frequency dependence. For a multi- 
component, multiphase system with a distribution of grain sizes, an internal 
friction with a weak frequency dependence could be expected. Later, reviewing 
data on oxides at high temperatures, Jackson and Anderson (1970) found 
evidence, both theoretical and experimental, to support a stronger frequency 
dependence than previously supposed. In their thinking the most effective 
mechanisms seem to be those associated with partial melting, grain-boundary 
relaxation. This together with a high-temperature, internal-friction 
background obeys an equation of the form
Q_1 = (A/f) exp[-(E* + PV*)/RT] . 3.25
This is the same as Equation 3.24, except that C in the former equation 
is equal to A/f. As a result, the above equation predicts a quality factor 
Q proportional to frequency f.
Walsh (1968, 1969) discusses two models which simulate the structure 
of partially melted materials. The first model described the effect of
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isolated lens-shaped inclusions of melt in a solid. In the second model, 
he considers a liquid phase which forms a continuous film of melt surrounding 
approximately-spherical solid grains. In Walsh’s derivation of Q  ^for the
first model it is assumed that the rigidity of the inclusion phase is small
and that the dissipation factors for shear Q  ^and bulk Q  ^are proportionalP K
to the angular frequency go. In the second model, however, Q  ^was found to 
be inversely proportional to angular frequency go, and Q  ^directly 
proportional to go.
Of the two models given by Walsh, the one in which the solid grains 
are surrounded by a thin film of melt material appears to be the most 
promising. Given a rock with its grain matrix randomly distributed 
throughout, as the rock is evenly heated under a confining pressure the first 
portions to melt are the contact points between the grains (Brace et al., 
1967) . Therefore QD  ^inversely proportional to go seems preferable.
p
The bulk dissipation Q  ^directly proportional to go derived by Walsh 
would imply a frequency dependent Q  ^ for compressional waves as well.
Since the rigidity and bulk modulus may vary with frequency, Q  ^would be 
expected to vary with frequency to some extent (Equation 3.8). This 
possibility was not discussed by Walsh.
As can be seen from this section, the frequency dependence resulting 
from internal friction can take on almost any form. It depends upon the 
phenomenological or physical parameters chosen to represent what occurs 
in the mantle. Such phenomena as grain-boundary damping, stress-induced 
ordering and dislocation (Gordon and Nelson, 1966) may contribute much to 
the overall seismic attenuation. With a combination of laboratory 
measurements and seismic field observations it may be possible to determine
37
eventually the physical nature of mantle material. Detailed knowledge of 
internal friction in the mantle as a function of frequency would provide
t
information as to the possible physical mechanism. This is of course one 
of the objectives of this research.
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CHAPTER 4
DISPLACEMENT AMPLITUDE SPECTRUM OF THE REFRACTION ARRIVALS
4 .1  I n t r o d u c t i o n
The aim o f  t h i s  c h a p t e r  i s  t o  d e s c r i b e  t h e  c h a r a c t e r  o f  t e l e s e i s m i c  
r e c o r d s  on se i sm ogram s.  The r e c o r d e d  s e i s m i c  e n e rg y  can be  t h o u g h t  o f  as  a 
s p i k e  p a s s i n g  t h r o u g h  a l i n e a r  s e r i e s  o f  f i l t e r s ,  wh ich  a l t e r s  t h e  t r a n s ­
m i t t e d  e n e rg y  i n  some way. I n  t h e  f r e q u e n c y  domain t h i s  s e r i e s  o f  f i l t e r s  
can be  w r i t t e n ,  i n  t e rm s  o f  d i s p l a c e m e n t  complex s p e c t r u m  A(w,r )  a t  d i s t a n c e  
r ,  a s  f o l l o w s :
A(o), r )  = S (w)B( 0 ) Cg (m)G(r)C^(m ,r )M (w,r )R (o> ,r )  I^Coj) w exp i ( tt/ 2 )  4 . 1
where S(aO = s o u r c e  s p e c t r u m ,  which  c o r r e s p o n d s  t o  a s o u r c e  t im e  f u n c t i o n
B(0) = s o u r c e  s p a c e  f u n c t i o n ,  where  0 i s  d i r e c t i o n
Cg (w) = t h e  e f f e c t  o f  c r u s t  a t  t h e  s o u r c e  on t h e  s o u r c e  s p e c t r u m
G ( r )  = g e o m e t r i c a l  s p r e a d i n g
= t h e  e f f e c t  o f  c r u s t  a t  t h e  r e c e i v e r  on t h e  s p e c t r u m  
R(w ,r )  = r e f l e c t i o n  c o e f f i c i e n t s
Cr (m,r )
I  (co) Q) exp i ( tt/2 )  = i n s t r u m e n t a l  d i s p l a c e m e n t  r e s p o n s e
M(w,r)  = a t t e n u a t i o n  e f f e c t s  o f  t h e  m a n t l e .
A no the r  t e r m  due t o  m i c r o s e i s m i c  n o i s e  may be added t o  t h e  above e q u a t i o n .  
However,  t h i s  t e r m  w i l l  n o t  be  c o n s i d e r e d  i n  t h e  p r e s e n t  d i s c u s s i o n .
E q u a t i o n  4 . 1  can  a l s o  be  w r i t t e n  i n  t e rm s  o f  t h e  a m p l i t u d e  and p h a s e  
s p e c t r u m .  The e q u a t i o n  t h e n  becomes
|A(w,r) I - I S (w) I I B(0) I |Cs (w) I IG ( r )  | | c r (oo,r) | |M(co,r) | |R(w,r) | | Iv (w) | | oo 4 .2
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and
<J> = $ + $ + $ ± 27in
r\. O Jl -L 4.3
where
$I
phase of system 
phase of the source
phase of the path, which includes effects of crustal response 
at the source and receiver, as well as reflection coefficients 
which may be frequency dependent 
phase of the instrument.
Throughout most of this thesis, the main concern will be the power 
spectrum, which is simply the square of Equation 4.2. The phase spectrum 
is not important unless it becomes desirable to transform the amplitude 
spectrum back into the time domain, as in the construction of synthetic 
wavelets. In such cases the phase portion of the amplitude spectrum should 
be retained. Since the concern is to determine how the power spectrum 
changes with frequency, the linear terms in equation 4.2. are not of interest 
because they only contribute to the magnitude of the intercept value at 
zero frequency. These terms are the source space function B(9) , and 
geometrical spreading G(r), which will therefore not be discussed further.
It is also assumed the reflection coefficients are frequency independent 
when applicable. The attenuation response function M(o),r) has been previously 
discussed in Chapter 3.
4.2 Removal of Spectral Responses 
4.2.1 Instrument Response
Short period seismometers are not designed with attenuation studies 
in mind. They are designed to magnify high frequencies and suppress low
40
frequencies, in order to reduce the low frequency microseismic noise and
give rise to sharp phase onsets unobscured by low frequency noise. While
this type of distorting response has great advantages in both detection 
and travel time studies, a broad-band instrument with a wide flat frequency 
response would be more useful for attenuation studies. Nevertheless, the 
distorting frequency response of the instrument can be easily removed.
Since the seismometer can be described as a simple mechanical system, its 
frequency response for a velocity spectrum can be written as
= I I e x p ( i $ ( w ) ) 4.4
where the amplitude response to the particle velocity at the earth's 
surface is
K(f/f )i 2
I X (to) I = --------- - ------2-------  --  4.5
[ ( 1  -  ( f / f  ) V  + c 2 ( f / f  )2 ]hn n J
and its phase is
i - (f/f)2
3>(co) = tan -----------  . 4.6
2C(f/f ) n
For the WRA array, the resonant frequency f of all seismometers is 1.0 Hz, 
with a damping constant £ of 0.64. The magnification term K is identical 
for all the instruments. Using the above values the velocity amplitude and 
phase response functions are shown pictorially in Figures 4.1 and 4.2 
respectively.
In general, after the amplitude or power spectrum of the portion of 
the seismograph is obtained the displacement response of the instrument is 
removed, so that the resulting spectrum is in terms of ground displacement.
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Frequency (Hz)
F i g u r e  4 .1  Se ism ometer  v e l o c i t y  pha se  r e s p o n s e .
Frequency (Hz)
F i g u r e  4 .2 Se ism ometer  v e l o c i t y  r e s p o n s e .
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In this case the best procedure is to remove the instrumental velocity 
response from the spectrum first. The extra to in Equation 4.2 will be taken 
out with the source function. The advantage of doing so will become obvious 
in the next section.
4.2.2 Source Spectrum
In recent years much work has gone into determining the parameters 
of an earthquake source function, in particular its displacement spectrum. 
Despite all this effort, the source spectrum is still not well known, 
expecially at high frequencies.
Hanks and Wyss (1972) have shown in the application of Parseval’s
theorem that the high-frequency asymptotic behaviour of the source spectrum
must involve a to™ term, where n is at least -1.5 in magnitude. As pointed
out by Randall (1973), if n is greater than -2 the time function of the source
would involve an infinite discontinuity in velocity. Non-integer values of
n would not be expected in a physical situation because the time function
would have branch point singularities. Two possibilities have been considered
in the literature: (1) n = -2 (Haskell, 1964; Aki, 1967; Brune, 1970, 1971;
Wyss and Hanks, 1972; Hanks and Wyss, 1972) and (2) n = -3 (Savage, 1966;
-2Frasier and North, 1978). The to model is most favoured because it implies
a finite jump in velocity at the source. In this case, relaxation of the
stress field in the source region would appear as a stress discontinuity,
which gives rise to a wave front carrying a finite jump in velocity. In
-2 -3support of this, Aki (1967) tested the to and to models against
-2  *experimental data, and his results gave a better fit for the to model.
Theoretical considerations (Madariaga, 1977) for starting and stopping 
-2phases give a to high frequency asymptotic behaviour.
43
The co model seems t o  f i t  most  d a t a ,  b o t h  f o r  v e r y  low s t r e s s - d r o p s
(Doug las  and R y a l l ,  1972) and h i g h  s t r e s s - d r o p s  (Tucker  and Brune ,  1973) .
-2
Also  t h e  co model h a s  been a p p l i e d  to  l a r g e  e a r t h q u a k e s  (Hanks and Wyss,
1972;  Wyss and Hanks ,  1972) w i t h  a h i g h  d e g r e e  o f  s u c c e s s .  A n a l y t i c a l l y
t h e  f a r - f i e l d  d i s p l a c e m e n t  s p e c t r u m  o f  s q u a r e  law t h e o r y  i s  s i m p l e  t o  app ly
t o  e x p e r i m e n t a l  s p e c t r a .  Throughou t  t h i s  t h e s i s ,  t h e r e f o r e ,  where  a s o u r c e
-2
model  i s  r e q u i r e d  t h e  oo model w i l l  be  u se d .
B r u n e ’ s d i s p l a c e m e n t  s p e c t r u m  | s(oo) |  f o r  t h e  s t r e s s - d r o p  s o u r c e  
f u n c t i o n  i s
|S ( w ) | S(0)2 , 2
CO +  (0
4 .7
c
where  S (0)  i s  an e x p r e s s i o n  f o r  t h e  m agn i tu de  o f  t h e  e a r t h q u a k e  and co£ i s  
t h e  c o r n e r  f r e q u e n c y .  I t  i s  d i f f i c u l t  t o  d e t e r m i n e  a c c u r a t e l y  t h e  c o m e r  
f r e q u e n c y  by j u s t  c o n s i d e r i n g  t h e  d i s p l a c e m e n t  s p e c t r u m .  T h i s  i s  
e s p e c i a l l y  t r u e  when e f f e c t s  o f  a t t e n u a t i o n  a r e  i n v o l v e d .
I f  t h e  v e l o c i t y  s p e c t ru m  of  t h e  s o u r c e  i s  c o n s i d e r e d  r a t h e r  t h a n  t h e  
d i s p l a c e m e n t  s p e c t r u m ,  t h e  p rob lem  can be  p a r t i a l l y  c i r c u m v e n t e d .  The 
s q u a r e  law v e l o c i t y  s p e c t r u m  f o r  a s t r e s s - d r o p  s o u r c e  i s
|Sv ( U) |  = 2- S-( 0 ) 2 • 4 . 8
CO +  COc
By d i f f e r e n t i a t i n g  E q u a t i o n  4 . 8  w i t h  r e s p e c t  t o  co, i t  can  be  shown 
t h a t  t h e  v e l o c i t y  a t  t h e  s o u r c e  i s  a maximum when
co = co . 4 .9c
T h e r e f o r e  t h e  c o r n e r  f r e q u e n c y  i s  a c c u r a t e l y  d e t e r m i n e d  by t h e  peak  o f  t h e
v e l o c i t y  s p e c t r u m .
According to Brune*s stress-drop source theory, the ratio between the 
comer frequency of the P phase and the corner frequency of the S phase for 
the same earthquake should equal the ratio of their velocities, as shown in 
Figure 4.3 (Hanks and Wyss, 1972). For the earth's mantle, the ratio of
V to V should lie between 1.76 and 1.80 (Anderson et al. , 1965) ora 3 -----
approximately /T".
Power spectra, to be discussed in the next two chapters, were 
determined for the P and S phases of the events listed in Table 2.2. After 
the instrument responses (Equations 4.5 squared) were removed from each of 
the raw spectra the maximum values (or peak values) of the resulting spectra 
were determined. These are listed in Table 4.1 along with their respective 
P-to-S comer frequency ratios. Only those events with poor signal-to- 
noise or system drop-outs were omitted from the determination given in 
Table 4.1. Note that the mean value of these events lies close to the
V :V velocity ratio given by Brune's theory (Fig. 4.3), eventhough theot p
standard error of the mean is quite large. The scatter in the corner 
frequency determinations could be caused by dipping layers (azimuth 
anomalies) at the receiving station (Kasahara, 1960). Other probable 
causes are variations in the epicentral distance and earthquake depth.
4.2.3 Crustal Response
In all work dealing with body wave Q measurements, the effect of 
the crust under the receiving station should be removed from the seismic 
wavelet before it is analysed. This is not always possible, however, 
because of limited knowledge of the effect of the crust. Underwood (1967) 
made a preliminary study of the crustal layering under WRA. His model 
for the first 2 layers, and the last two layers assumed by Barley (1977) ,
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Table 4.1
and S Comer Frequencies (C.F.) and their Ratios
for Events listed in Table 2.2
Magnitude
<V PCF CF
P ^ / S ^  CF CF
5.3 1.59 0.90 1.77
5.8 - 1.13 -
5.1 0.87 0.81 1.07
5.2 1.63 0.76 2.14
5.4 1.67 1.07 1.56
5.8 - 0.61 -
5.4 1.24 0.85 1.46
5.5 1.09 0.66 1.65
5.0 1.67 0.73 2.29
5.2 1.20 0.97 1.24
5.8 0.94 0.68 1.38
5.7 0.91 1.18 1.30
5.0 1.25 0.85 1.47
4.9 - 1.01 -
5.2 - - -
5.2 1.44 0.66 2.18
5.5 0.84 0.57 1.47
5.4 1.40 0.87 1.61
5.8 1.61 0.47 3.43
5.3 0.90 - -
5.0 0.73 0.92 0.78
5.2 0.99 0.65 1.52
5.1 1.56 0.76 2.05
5.5 1.69 0.48 3.52
5.3 - - -
5.8 1.05 0.58 1.81
4.8 1.09 - -
4.5 - - -
5.4 1.70 0.65 2.62
5.1 1.48 1.01 1.47
5.8 0.92 0.65 1.42
5.1 1.34 0.77 1.74
Mean 1.79+0.66
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a r e  g iv e n  i n  Ta b le  4 . 2 .  I t  i s  n o t  known how v a l i d  t h i s  model  i s ,  s i n c e  t h e  
f i r s t  two l a y e r s  a r e  b a s e d  on on ly  one r e f r a c t i o n  p r o f i l e .
Only r e c e n t l y ,  some h o r i z o n t a l  i n s t r u m e n t s  have  been  i n s t a l l e d  a t  
t h e  a r r a y .  These i n s t r u m e n t s  combined w i t h  t h e  v e r t i c a l  i n s t r u m e n t s  s h o u ld  
make i t  p o s s i b l e  f o r  a s t u d y  o f  t h e  t r a n s f e r  f u n c t i o n  o f  t h e  c r u s t  t o  be 
u n d e r t a k e n  ( B a th ,  1974) .  Because  o f  i n s u f f i c i e n t  h o r i z o n t a l  d a t a  and t i m e ,  
t h e  p r e s e n t  a u t h o r  co u ld  n o t  embark on t h i s  s t u d y .  I t  i s  assumed h e r e  
t h a t  l o c a l  g e o l o g i c a l  e f f e c t s  a r e  smoothed by s t a c k i n g  t h e  a r r a y  as  d i s c u s s e d  
i n  S e c t i o n  2 .2  o f  t h i s  t h e s i s  (Mack, 1969 ) .  I n t e r f e r e n c e  ca use d  by 
r e f l e c t e d  p h a s e s  ( echos )  and r e f r a c t e d  c o n v e r t e d  p h a s e s  w i l l  be c o n s i d e r e d  
i n  Chapters  5 and 6.
4 .3  S e i s m i c  Noise  S t r u c t u r e  and I t s  I n f l u e n c e  on S p e c t r a
The e a r t h  i s  n e v e r  q u i e t .  N o i se  g e n e r a t e d  from many s o u r c e s  i s  a lways 
p r e s e n t .  I n  t h e  s h o r t - p e r i o d  s e i s m i c  band such  n o i s e  a r i s e s  m a in ly  from 
R a y l e i g h  and Love waves which  a r e  c r e a t e d  by l o c a l  c o n d i t i o n s .  Road t r a f f i c ,  
t r a i n s  and wind may c o n t r i b u t e  t o  t h e  m ic r o s e i s m s  which  e x i s t  i n  v a r i o u s  
l o c a l i t i e s .  N o i s e  can a l s o  be c r e a t e d  by u n i d e n t i f i e d  m i c r o e a r t h q u a k e s ,  
m u l t i p a t h i n g  and s t o r m s .  O b s e r v a t i o n s  o f  s e i s m i c  p h a s e s  which  a r r i v e  a f t e r  
t h e  b e g i n n i n g  o f  t h e  e a r t h q u a k e  r e c o r d  a r e  c o n t a m i n a t e d  by c o n v e r t e d  
p h a s e s ,  s i g n a l - g e n e r a t e d  s u r f a c e  waves ,  s c a t t e r e d  waves and waves r e f l e c t e d  
by and i n  t h e  c r u s t  wh ich  c o n t r i b u t e  t o  t h e  n o i s e  b a c k g ro u n d .
D e c o n v o l u t i o n  o f  n o i s e  f rom s i g n a l s  has  been  s t u d i e d  f o r  many y e a r s  
( W e i n e r ,  1949;  Burg,  1967;  Capon e t  a l . ,  1967;  K u lhänek ,  1968;  Dash and 
O b a i d u l l a h ,  1970; L a c o s s ,  1971; Capon, 1973 ) .  D i f f i c u l t i e s  a r i s e  when 
t h e  n o i s e  i s  n o n - w h i t e  and n o n - s t a t i o n a r y , s i n c e  most s p e c t r a l  t e c h n i q u e s  
assume s t a t i o n a r y  random s i g n a l s .  S e i sm ic  n o i s e  c a n n o t  be c o n s i d e r e d  e i t h e r
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TABLE 4 .2
The R e c e i v e r  C r u s t a l  Model assumed by B a r l e y  (1977)  f o r  WRA. 
g / 3  = /3  (a  = 0 .2 5 )  was assumed i n  each  l a y e r .  Underwood (1967)  
d e t e r m i n e d  a = 5 .4km .s   ^ i n  L a y e r  1 ,  a = 6 .1 k m .s  ^ i n  L a y e r  
2 f rom a r e f r a c t i o n  s u r v e y .
a -1  (km.s )
3
(km .s“ 1)
P -
(gmcm J )
T h i c k n e s s
(km)
Laye r  1 5 .4 2 . 8 1 .0
Laye r  2 6 .1 3 .1 2 0 .0
Layer  3 6 .3 3 .2 2 0 .0
Laye r  4 8 .2 3 .3 CO
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white or stationary. If the data sequence under study is not random and 
stationary, only an estimate of the actual amplitude or power spectra can 
be obtained. The problem then becomes: which spectral method gives the
best estimate of the actual spectrum with the noise removed? High 
resolution techniques have been developed in an attempt to eliminate noise 
(Burg, 1967; Capon, 1973; Ulrych and Bishop, 1975). These techniques, 
along with the more conventional Fourier spectral techniques, are examined 
in the next two chapters.
4.4 Relationships between Seismic Wave Energy, Magnitude and Corner 
Frequency
Early in the history of seismology, attempts were made to estimate 
the energy of an earthquake on the basis of some quantity measurable on 
seismograms (Richter, 1958). The square of the recorded seismic phase 
amplitudes at a fixed predominant period would be expected to be related 
to elastic wave energy leaving the source. If attenuation can be neglected, 
the recorded seismic amplitudes would therefore be proportional to the 
earthquake magnitude. Mathematically the relationship between earthquake
where a and b are constants. In general, however, the predominant period 
on a seismogram is not fixed, making the above equation difficult to use.
Effort then was directed to a correlation between the predominant
periods (T) (or more recently the source corner periods) and earthquake
magnitudes. Furuya (1969) theoretically determined earthquake energy
-3 -2released from the u) and the w source amplitude displacement models of
energy (E) and its body-wave magnitude can be written as
log E = a + bM^ 4.10
Haskell (1966) and Aki (1967) respectively. He found that for both models
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t h e  r e l e a s e d  e n e rg y  (E) h a s  t h e  g e n e r a l  form
l o g  E = l o g  Cq + 2 l o g  C + 3 l o g  T 4 .1 1
where  C i s  e q u a l  t o  tw ic e  t h e  s t r e s s  d rop  d i v i d e d  by t h e  r i g i d i t y  and Cq 
i s  a  f u n c t i o n  o f  t h e  r u p t u r e ,  c o m p r e s s i o n a l  and s h e a r  v e l o c i t i e s ,  and 
d e n s i t y .  E q u a t in g  E q u a t io n s  4 .1 0  and 4 . 1 1 ,  t h e  r e l a t i o n s h i p  be tw een  t h e  
c o r n e r  p e r i o d  (T) and t h e  e a r t h q u a k e  m agn i tude  (M^) becomes
l o g  T = i  l o g  Co + I  -  I l o g  C + I Mh 4 . 1 2 a
o r ,  i n  t e rm s  o f  f r e q u e n c y  f ,
l o g  f  = i  l o g  Co - I  + I l o g  C -  I 4 .1 2 b
s i n c e  f  = 1/T .
I f  a t t e n u a t i o n  e f f e c t s  a r e  t a k e n  i n t o  a c c o u n t ,  a f i f t h  t e r m  f ( r )  i s  
added t o  E q u a t i o n  4 . 1 2 a , b  which  i s  a f u n c t i o n  o f  t h e  a t t e n u a t i n g  r a y  p a t h .  
T h e r e f o r e  as  t h e  a t t e n u a t i o n  due t o  t h e  r a y p a t h  i n c r e a s e s ,  t h e  " a p p a r e n t "  
c o r n e r  f r e q u e n c y  w i l l  d e c r e a s e  f o r  a g iv en  m a g n i tu d e .  The a c t u a l  c o m e r  
f r e q u e n c y  becomes i m p o s s i b l e  t o  s e p a r a t e  f rom s o u r c e  p r o p e r t i e s  u n l e s s  
t h e  a t t e n u a t i o n  p r o p e r t i e s  a r e  known.
Because  i t  i s  p r e f e r a b l e  h e r e  t o  d i s c u s s  t h e  m ag n i tu d e  i n  t e rm s  o f  
t h e  c o m e r  f r e q u e n c y  and t h e  s e p a r a t i o n  be tw een  s o u r c e  and a t t e n u a t i o n  
p r o p e r t i e s ,  E q u a t i o n  4 .12b  can be  e m p i r i c a l l y  w r i t t e n  as
l o g  f  = a ’ + b ’ 4 . 1 3
T e r a s h u n a  (1968) found ,  f o r  m i c r o e a r t h q u a k e s  (M^  < 3 ) ,  b* = - 0 . 4 7  and 
a '  = 1 .7 9  w h e re as  K asahara  (1957)  f o und ,  f o r  l a r g e  e a r t h q u a k e s  (M^ < 6 . 3 ) ,  
b ’ = - 0 . 5 1  and a ’ = 2 . 5 9 .  Us ing  a r a n g e  o f  m a g n i tu d e s  from 0 t o  8,  Fu ruya  
(1969)  found a '  and b '  t o  be 1 .6  and - 0 . 4 3  r e s p e c t i v e l y  f o r  P p h a s e s  and 
1 .2  and - 0 . 4 0  r e s p e c t i v e l y  f o r  S p h a s e s .
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The c o m e r  f r e q u e n c ie s  p r e s e n t e d  in  T a b le  4 .1  f o r  t h e  P and S p h a s e s  
a r e  p l o t t e d  i n  F ig u re  4 .4  and 4 .5 .  S in c e  th e  m ag n i tu d e  r a n g e  f o r  t h e s e  
d a t a  i s  l i m i t e d ,  a l e a s t  s q u a re s  f i t  c o u ld  n o t  be made. Assuming t h a t  th e  
s lo p e  o f  E q u a t io n  4 .1 3  g iven  by Furuya i s  c o r r e c t ,  a com par ison  o f  h i s  
e q u a t i o n  ( s o l i d  l i n e )  was made w i th  t h e  d a t a  i n  t h i s  s t u d y .  The dashed  
l i n e s  a r e  " v i s u a l "  f i t s  o f  t h e  d a t a .  In  th e  c a s e  o f  b o th  S and P c o r n e r  
f r e q u e n c i e s ,  t h e  i n t e r c e p t  a ’ i s  a b o u t  - 0 . 8  u n i t s  h i g h e r  th a n  th e  v a lu e s  
g iv en  by F u ru y a .  The c o m e r  f r e q u e n c ie s  o f  t h e  ScP p h a se  d a t a  (T a b le  4 .3 )  
a r e  p l o t t e d  i n  F ig u re  4 .6 .  Again t h e  i n t e r c e p t  v a lu e  a '  i s  much h i g h e r  
th a n  th e  one g iv e n  by Furuya and p o s s i b l y  h i g h e r  th a n  th e  S p h a s e  d a t a .  S in c e  
n o t  many PcP p h a s e s  a r e  r e p r e s e n t e d  i n  T ab le  4 . 2 ,  a  p l o t  o f  t h e s e  d a t a  was 
n o t  made. However, f o u r  o u t  o f  t h e  f i v e  c o m e r  f r e q u e n c i e s  i n d i c a t e  a g r e a t e r  
i n t e r c e p t  v a lu e  a '  th an  th e  P p h a se  c o m e r  f r e q u e n c i e s  p r e s e n t e d  h e r e .
The c o n c lu s io n  which can be drawn i s  t h a t  t h e  a t t e n u a t i o n  f a c t o r  f o r  
th e  d a t a  i s  much l e s s  th an  i n  t h e  s tu d y  o f  F u ru y a .  T h is  i s  n o t  s u r p r i s i n g  
s i n c e  F u r u y a ' s  s tu d y  was in  J a p a n .  Under i s l a n d  a r c s  l a r g e  low Q z o n e s ,  
p re su m a b ly  due t o  magma chambers e x i s t  ( O l iv e r  and I s a c k ,  1967; M it ro n o v a s  
e t  a l . , 1969; and B a ra z a n g i  and I s a c k ,  1971 ) .  However, WRA i s  i n  a s h i e l d  
r e g i o n ,  w here  low Q zones a r e  e i t h e r  weak o r  a b s e n t  (Der and M c E lf re s h ,  1977). 
As a r e s u l t ,  t h e  c o r n e r  f r e q u e n c ie s  p r e s e n t e d  i n  t h i s  t h e s i s  s h o u ld  be  much 
c l o s e r  to  t h e  a c t u a l  c o rn e r  f r e q u e n c i e s  th a n  in  F u r u y a ' s  s t u d y .  F u r th e r m o r e ,  
b e c a u s e  t h e  c o r n e r  f r e q u e n c ie s  o f  t h e  a v e ra g e  ScP and PcP p h a s e  seem t o  be 
h i g h e r  th a n  f o r  S and P p h a s e s  r e s p e c t i v e l y ,  Q i n  t h e  lo w er  m a n t le  would
be  e x p e c te d  to  be  l a r g e .
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Figure 4.4 Magnitude vs. frequency for P phases given in Table 4.1.
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Figure 4.5 Magnitude vs. frequency for S phases given in Table 4.1.
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TABLE 4 . 3
ScP C o m e r  F r e q u e n c i e s  ( C .F . )  f o r  E v e n t s  L i s t e d  i n  T a b l e  2 . 1
E v e n t  No. M agni tude
<V
P c P _CF ScPCF
1 5 . 3 1 .0 1
2 5 . 8 0 .9 8
3 5 . 1 0 .74
4 5 .2 1 .01
5 -  -
6 5 . 4  1 .3 3
7 5 . 8 0 .7 4
8 5 .4 1 .24
9 5 .5 0 .8 0
10 5 . 0 0 .9 0
11 5 .2 1 .2 1
12 5 .8 0 .8 1
13 5 .7 1 .14
14 - -
15 5 . 0 0 . 8 1
16 4 .8 0 .9 5
17 5 .2 0 .6 1
18 5 .2 0 .8 1
19 5 .5 1 .05
20 5 . 4 0 .6 8
21 5 . 8 0 .9 1 0 . 6 3
22 5 . 3 1 .40 -
23 5 . 0 0 .8 5
24 5 .2 1 .1 0 1 .1 3
25 5 . 1 1 .1 1
26 5 .5 0 .9 9
27 5 . 3 0 .8 1
28 5 . 8 1 .1 1 1 .09
29 4 . 8 1 .18 0 .9 5
30 4 . 5 0 .8 4
31 5 . 4 0 .6 4
32 5 . 1 1 .06
33 5 . 8 0 .79
34 5 . 1 0 .7 2
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frequency (Hz)
. , . 1 
10.0
F ig u re  4 .6  M agnitude v s .  f re q u e n c y  f o r  ScP p h a s e s  g iv en  i n  T a b le  4 .3 .
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CHAPTER 5
SPECTRAL ANALYSIS (UNSUCCESSFUL METHODS)
5 .1  I n t r o d u c t i o n
The q u e s t i o n  as to  th e  p a r t i c u l a r  a n a l y t i c a l  t e c h n iq u e  w h ich  s h o u ld  be 
used  to  o b t a i n  th e  most i n f o r m a t io n  from a s e i s m ic  w a v e le t  h a s  lo n g  been  an 
o u t s t a n d i n g  p ro b lem  i n  s e is m o lo g y .  T h is  c h a p t e r  a d d r e s s e s  i t s e l f  to  t h i s  
p ro b le m , and i n  p a r t i c u l a r ,  to  w h e th e r  t h e  t im e  domain o r  f r e q u e n c y  domain 
app roach  p r o v id e s  th e  b e s t  and most r e l i a b l e  i n f o r m a t i o n .  In  S e c t i o n  5 . 2 ,  
th e  d i s c u s s i o n  w i l l  be c e n te r e d  a round  th e  a d v a n ta g e s  and d i s a d v a n t a g e s  o f  
b o th  ( t im e  and f re q u e n c y  domain) t e c h n i q u e s .  As w i l l  be  e x p l a i n e d ,  th e  
f re q u e n c y  domain a p p ro a c h  i s  b e l i e v e d  to  be more a p p r o p r i a t e  f o r  th e  ty p e  
o f  a n a l y s i s  c o n ta in e d  i n  t h i s  t h e s i s .
F o l lo w in g  S e c t io n  5 .3  th e  r e m a in d e r  o f  t h e  c h a p t e r  w i l l  be  d e v o te d  to  
th e  s p e c t r a l  t e c h n iq u e s  w hich  p ro v ed  to  be  u n s u c c e s s f u l  i n  d e te r m in in g  
s p e c t r a l  power v e r s u s  f r e q u e n c y  o f  a s e i s m ic  w a v e l e t .  As w e l l  as  t h e  more 
c o n v e n t i o n a l  F o u r i e r  s p e c t r a l  t e c h n i q u e s ,  t h e  a u t o r e g r e s s i v e  t e c h n i q u e s  o f  
Y u le -W alk e r  (U lry c h  and B is h o p ,  1975) and B u r g 's  Maximum E n tro p y  Method 
(B urg , 1967) w i l l  be d i s c u s s e d .  A f t e r  a d i s c u s s i o n  o f  t h e  t h e o r y  f o r  each  
o f  t h e s e  t e c h n i q u e s ,  th e  methods w i l l  be t e s t e d  th ro u g h  exam ples  to  
d e m o n s t r a te  why th e y  f a i l  to  g iv e  a r e a s o n a b le  e s t i m a t e  o f  s p e c t r a l  pow er.
5 .2  A Com parison o f  Time and F requency  Domain A n a ly s i s
In  o r d e r  to  compare t h e  a d v a n ta g e s  and d i s a d v a n t a g e s  o f  a n a l y s i s  i n  
th e  t im e  and f re q u e n c y  dom ains ,  s y n t h e t i c  t r a n s i e n t  s i g n a l s  w i l l  be  exam ined . 
S t a r t i n g  w i t h  a s im u l a t e d  e a r th q u a k e  p u l s e  F ( t , 0 ) ‘ t h i s  p u l s e  w i l l  be
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m o d if ie d  by th e  t r a n s m i s s io n  p a th  so t h a t  when i t  a r r i v e s  a t  a m e a s u r in g  
i n s t r u m e n t  i t  w i l l  be F ( t , x ) .  The F o u r i e r  t r a n s f o r m  o f  such  a p u l s e ,  as 
p r e v i o u s l y  d i s c u s s e d  in  C h a p te r  3, w i l l  be
A(im) = AQ(im )exp  [-k(oa) + icf>(w)]x 5 .1
w here  AQ(iw) a g a in  i s  a f u n c t i o n  o f  t h e  s o u rc e  s p e c t r u m ,  i n s t r u m e n t  
r e s p o n s e ,  e t c . ,  as d i s c u s s e d  in  C h a p te r  4 . k(to) i s  t h e  r e a l  p a r t  o f  t h e  
a t t e n u a t i o n  f u n c t i o n  and 4>(ca) i s  i t s  p h a se  com ponent. Now su p p o se  t h a t  a l l  
t h e  r e s p o n s e s  w hich make up Ao (iw) can be  e a s i l y  r e p r e s e n t e d  in  t h e  t im e  
dom ain . T h is  l e a v e s  on ly  t h e  r e s p o n s e  due to  t h e  a t t e n u a t i o n  p o r t i o n  o f  
t h e  p u l s e  to  be  e v a lu a t e d .  As p o i n t e d  o u t  in  C h a p te r  3 , b o th  k(w) and 4>(u>) 
m ust be  f r e q u e n c y  d e p e n d en t  in  o r d e r  to  f u l f i l  t h e  P a le y -W e in e r  c o n d i t i o n .
I f  t h e  a t t e n u a t i o n  f o r  a p a th  i s  unknown th en  k(w) and <j>(w) a r e  b o th  unknown, 
so  t h a t  one i s  l e f t  w i th  a t r i a l - a n d - e r r o r  a p p ro a c h  to  t r y  to  r e s o l v e  th e  
t im e  domain c o u n t e r p a r t s  f o r  k(aj) and 4>(to) . T h is  can  be  v e ry  d i f f i c u l t ,  
e s p e c i a l l y  when th e  p u l s e  i s  r e c e iv e d  i n  a n o i s y  e n v i ro n m e n t .  Sm all  
p e r t u r b a t i o n s  o f  a s y n t h e t i c  p u l s e  w hich r e p r e s e n t s  t h e  r e a l  p u l s e  may be 
m is t a k e n l y  r e g a r d e d  as n o i s e .
The p ro b le m  i s  made much s im p l e r  i n  th e  f r e q u e n c y  domain b e c a u s e  
<j>(w) can  be e l i m i n a t e d  when th e  a m p l i tu d e  o r  power s p e c t r a  a r e  c o n s id e r e d  
f o r  d e te r m in in g  th e  a t t e n u a t i o n  o f  t h e  p u l s e  t r a v e l l i n g  th ro u g h  th e  e a r t h .
As shown i n  C h a p te r  3 , m u l t i p l y i n g  E q u a t io n  3 .16  by i t s  com plex c o n j u g a t e ,
| a ( co) |  = I Ao (u>) I exp [-2k  (oa) ] x 5 .2
w hich  i s  i n d e p e n d e n t  o f  <j>(oo) . Once th e  r e l a t i o n s h i p  o f  k(w) as  a f u n c t i o n  
o f  f re q u e n c y  i s  d e te r m in e d ,  t h e  p h a se  p o r t i o n  <J>(a>) can  be d e te rm in e d  by u se  
o f  t h e  H i l b e r t  t r a n s f o r m .  The method employed t o  f i n d  th e  f re q u e n c y
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dependence  w i l l  be d i s c u s s e d  in  C h a p te r  7. The a d v a n ta g e  o f  u s in g  power 
s p e c t r a l  e s t i m a t e s  w i l l  th e n  become even more o b v io u s .
An a p p a r e n t  ad v a n ta g e  o f  u s in g  t im e  domain m ethods i s  t h a t  a s y n t h e t i c  
w a v e l e t  can be p roduced  w hich lo o k s  v e ry  s i m i l a r  to  a r e a l  s e i s m ic  w a v e l e t .  
Such m eth o d s ,  how ever ,  g e n e r a l l y  r e q u i r e  t r i a l - a n d - e r r o r  e s t i m a t e s  o f  t h e  
c o m e r  f re q u e n c y  and a t t e n u a t i o n  c o e f f i c i e n t .  T h is  p r o c e d u r e  can be v e ry  
t im e -c o n s u m in g .  For t h i s  r e a s o n  and o t h e r  r e a s o n s  g iv en  i n  t h i s  s e c t i o n  th e
f r e q u e n c y  domain app roach  w i l l  be u se d .
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5 .3  S e ism ic  P h a se s  Used t o  D e m o n s tra te  S p e c t r a l  Methods
To o b t a i n  a good s p e c t r a l  e s t i m a t e  o f  a t im e  s e r i e s ,  t h e  e s t i m a t o r  
depends  on t h e  ty p e  o f  t im e s e r i e s  u n d e r  c o n s i d e r a t i o n .  These ty p e s  o f  
t im e  s e r i e s  can be a u t o r e g r e s s i v e  (AR), moving a v e ra g e  (MA), o r  some 
m ix tu r e  o f  AR and MA. I f  t h e  s p e c i f i c  ty p e  o f  t im e  s e r i e s  i s  unknown, 
as  i n  th e  c a s e  o f  s e i s m ic  p h a s e s ,  one can a p p ro a c h  th e  p ro b lem  by 
a t t e m p t i n g  to  f i t  t h e  tim e  s e r i e s  by s e v e r a l  s p e c t r a l  m ethods w hich  w i l l  
be  d e s c r i b e d  i n  t h e  s u c c e e d in g  s e c t i o n s .  As a s t a r t i n g  p o i n t ,  a s y n t h e t i c  
t im e  s e r i e s  can be d e s ig n e d  from th e  s p e c t r a l  r e s p o n s e s  g iv en  i n  C h a p te r  4 . 
Assuming f o r  t h e  p r e s e n t  t h a t  th e  a t t e n u a t i o n  c o e f f i c i e n t  oat* ( C h a p te r  3) 
i s  r e a l  w i th  z e ro  p h a se  s h i f t ,  a s y n t h e t i c  t im e  s e r i e s  can be  p ro d u ce d  
w hich  i s  a n a l y t i c a l l y  e x a c t .  T h e r e f o r e  t h e  t im e  domain and f r e q u e n c y  
domain s o l u t i o n s  a r e  a n a l y t i c a l l y  an e x a c t  F o u r i e r  p a i r .
Four beamformed s e i s m ic  t r a c e s  o f  t h e  P p h a s e ,  a r b i t r a r i l y  chosen  
from  t h e  e a r th q u a k e s  l i s t e d  i n  T a b le  2 . 2 ,  a r e  p r e s e n t e d  i n  F ig u r e  5 .1 .
U s ing  t h e  c r i t e r i o n  g iv en  i n  t h e  p r e v i o u s  p a r a g r a p h ,  f o u r  s i m i l a r  s y n t h e t i c  
w a v e l e t s  w ere  made to  be r e p r e s e n t a t i v e  o f  t h e  r e s p o n s e  p ro d u c e d  by t h e s e
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earthquakes and are also presented in Figure 5.1. These synthetic wavelets 
will be used to demonstrate the effectiveness of the spectral techniques 
presented in the following sections. If the spectral power spectra derived 
from these synthetics fit the power spectra analytically derived from these 
synthetic wavelets, it will be assumed the spectral method is appropriate 
for determining t* values of real seismic phase responses.
5.4 Fourier Power Spectral Density 
5.4.1 Theory
There have been many computer programs written to estimate the 
power density of a time series. These programs use many different types of 
windowing functions and smoothing procedures. The designer of such a power 
spectrum estimator relies upon his personal preference and on the type of 
signal he is analysing to determine what parameters are required to give 
the best power estimate. Comparisons of some of the various methods of 
obtaining power spectral estimates can be found in Jenkins and Watts (1968). 
The technique used here was a periodogram with a cosine bell taper and it 
will be the only Fourier technique discussed.
For a time series x(t) sampled at N equally spaced points a time 
interval At apart, the discrete power spectrum P(f) can be computed from 
the equation
oAt. N_1 9P(fk) = ~ Y ~  I E *n exp(-j27Tnk/N) I 5.3
n=o
where k = 0,1,2,..., N-l. If the function x(t) is an analytical function, 
the power density spectrum can be calculated precisely. However, when there
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Figure 5.1 Beamformed P phase seismograms given in Table 2.2 for Events: 
(a) 3, (b) 15, (c) 24, (d) 32. Wavelets e, f, g, and h are non-dispersive 
synthetic representative of a, b, c, and d respectively. The time scale 
for all traces is 2 sec/cm.
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a r e  n o i s e  components in v o lv e d  i n  t h e  t im e  s e r i e s ,  t r u n c a t i o n  o f  t h e  t im e
s e r i e s  becomes a p ro b le m , r e d u c in g  th e  a c c u ra c y  o f  t h e  e s t i m a t e .  U sing  th e
p e r io d o g r a m  method on a r e a l  t im e  s e r i e s ,  t h e  power a t  each  f re q u e n c y
in c r e m e n t  has  two d e g re e s  o f  freedom  (B enda t  and P i e r s o l ,  1 9 7 1 ) .  The 
2
v a r i a n c e  o^ i s  g iven  by
ok 2 = P (w )2 . 5 .4
One p r o c e d u r e  a v a i l a b l e  to  re d u c e  t h i s  v a r i a n c e  i s  t o  segm ent th e  t im e  
s e r i e s  i n t o  1 s u b s e t s  (W elch , 1 9 6 7 ) .  However, s i n c e  s e i s m ic  p h a s e s  a r e  
s h o r t  t r a n s i e n t  s i g n a l s ,  su ch  s e g m e n t in g  p r o c e d u r e s  a r e  n o t  p o s s i b l e .  The 
p r o c e d u r e  used  in  t h i s  t h e s i s  f o r  r e d u c in g  th e  v a r i a n c e  i s  beamform 
s t a c k i n g  o f  t h e  i n d i v i d u a l  s e i s m ic  c h a n n e l s .  Assum ing t h a t  t h e  a m p l i tu d e  
and p h a s e  o f  t h e  n o i s e  c o n ta in e d  i n  each  c h a n n e l  a r e  random , t h e  o p t im a l  
r e d u c t i o n  in  t h e  v a r i a n c e  f o r  M c h a n n e ls  i s
ok 2 = P (w )2 /M . 5 .5
The above s t a c k i n g  p r o c e d u r e ,  b e f o r e  t h e  power e s t i m a t e  i s  made, w i l l  keep 
th e  r e s o l u t i o n  as h ig h  as p o s s i b l e  w h i l e  k e e p in g  th e  s p e c t r a l  b a n d w id th  as 
s m a l l  as p o s s i b l e  when d e a l i n g  w i th  s h o r t  t r a n s i e n t  s e i s m ic  p h a s e s .
A n o th e r  p rob lem  i n  a t t e m p t i n g  to  e s t i m a t e  t h e  power c o n ta i n e d  i n  a 
t r a n s i e n t  s e i s m ic  p h ase  i s  i t s  l e n g t h .  G e n e r a l ly  i n  th e  s h o r t  p e r i o d  ra n g e  
t h e  w a v e l e t  i s  o n ly  a few s e co n d s  i n  l e n g t h .  S in c e  t h e  s p e c t r a l  b a n d w id th  
w i l l  be  p r o p o r t i o n a l  to  t h e  r e c i p r o c a l  t im e  l e n g t h  o f  t h e  t r a n s i e n t  s i g n a l ,  
t h e  number o f  in d e p e n d e n t  s p e c t r a l  e s t i m a t e s  w i l l  be  l i m i t e d .  I n  t h e  c a se  
c o n s id e r e d  h e r e ,  most o f  t h e  s p e c t r a l  power c o n ta i n e d  in  su c h  a s i g n a l  i s  
i n  t h e  f r e q u e n c y  ran g e  0 .1  to  3 .5  Hz, t h e  number o f  u s a b l e  r e s o l v e d  
f re q u e n c y  e s t i m a t e s  from such  a power s p e c t ru m  a r e  g e n e r a l l y  l e s s  th a n  6.
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T h i s  h a r d l y  p r o v i d e s  enough r e s o l v e d  f r e q u e n c y  e s t i m a t e s  to  d e t e r m i n e  t*  
v a l u e s  w i t h  any deg re e  o f  a c c u r a c y .  The number o f  r e s o l v e d  f r e q u e n c y  
e s t i m a t e s  can be  i n c r e a s e d  by assum ing  t h a t  b e f o r e  t h e  t r a n s i e n t  s e i s m i c  
w a v e l e t  o f  i n t e r e s t  a r r i v e s ,  and a f t e r  i t  p a s s e s ,  t h e r e  i s  no s i g n a l  o r  
n o i s e .  With t h i s  a s sum p t ion  any number o f  z e r o s  can be  added i n  f r o n t  o f  
and b e h i n d  t h e  t r a n s i e n t  p u l s e  t o  e x t e n d  t h e  l e n g t h  o f  t h e  t ime  s e r i e s .
Some a u t h o r s  (Bendat  and P i e r s o l ,  1971;  L i n e s  and U l r y c h ,  1977) f e e l  t h a t  
t h i s  may n o t  be a s t a t i s t i c a l l y  sound method f o r  d e t e r m i n i n g  a power s p e c t r u m .  
F u r t h e r m o r e ,  t h e s e  a u t h o r s  f e e l  t h a t  u n d e s i r a b l e  s i d e  l o b e  e f f e c t s  may o c c u r .  
I n  t h e  f o l l o w i n g  s e c t i o n  t h e  s t a b i l i t y  and r e s o l u t i o n  o f  t h e  F o u r i e r  power 
s p e c t r u m  w i l l  be t e s t e d  u s i n g  t h e  padded  z e r o s  a s s u m p t io n .
5 . 4 . 2  F o u r i e r  Pe r iodog ra m s  Used
I n  d e t e r m i n i n g  the  power s p e c t r u m  t h e  f o l l o w i n g  p r o c e d u r e  w i l l  be
a p p l i e d :
(1) The s e i s m i c  phase  o f  i n t e r e s t  i s  d e l a y e d  and s t a c k e d  ( t h e  beamform ing  
d i s c u s s e d  i n  C h a p te r  2 ) .
(2) The f i r s t  i n i t i a l  w a v e l e t  o f  t h e  s e i s m i c  p h a s e  i s  s e t  up f o r  a n a l y s i s .
(3) A 10% c o s i n e  t a p e r  i s  a p p l i e d  to  t h e  w a v e l e t .  Th i s  i s  t o  r e d u c e  t h e  
e f f e c t  o f  o t h e r  p h a s e s  and t o  a v o id  i n d i v i d u a l  c o r r e c t i o n  o f  l a r g e  
numbers  a t  t h e  b e g i n n i n g  and end o f  t h e  d a t a .
(4) A d i s c r e t e  e s t i m a t e  o f  t h e  power i n  t h e  w a v e l e t  i s  made a t  f r e q u e n c y  
i n t e r v a l s  o f  0 .0 1  h e r t z .  Th is  i s  c o m p u t a t i o n a l l y  i d e n t i c a l  t o  p a d d in g  
on z e r o s  t o  t h e  t im e  s e r i e s  and u s i n g  a f a s t  F o u r i e r  t r a n s f o r m  t o  
o b t a i n  t h e  power s p e c t r u m .
(5) Any f r e q u e n c y  component  l e s s  th a n  t h e  r e c i p r o c a l  o f  t im e  l e n g t h  o f  t h e  
d a t a  was n o t  c o n s i d e r e d  as  an a d e q u a t e  measurement  o f  power .  I n  o t h e r
63
words, there must be at least one complete sinusoid in the windowed 
data before a power estimate can be made.
5.4.3 Examples of the Fourier Periodogram Method
Attempts to estimate the power spectrum of the synthetic time 
series given in the introduction of this chapter result in an exact fit of 
its power compared with the theoretical power. This is not surprising since 
the synthetic time series contains no noise components as well as beginning 
and ending on a zero mean. For a real transient time series it is very 
difficult to determine the exact beginning and ending of such a time 
series because of the existence of interfering seismic phases and noise 
components. Attempts to truncate the synthetic time series, within 
reasonable limits, also results in an estimated power spectrum very close 
to the theoretical spectrum.
Application of the periodogram method to real data gives resulting 
power spectrums which are quite different from those derived from synthetics. 
Figure 5.2 through 5.5 are examples of the resulting real power spectra 
obtained from the data given in Figure 5.1. The only correction made to 
these power spectra is the removal of the instrumental response. Note the 
spectral minima which are present in Figures 5.2 to 5.5. In fact, similar 
minima, at frequency intervals corresponding to the time length of the 
truncated time series are throughout the power spectrum, though they are not 
obvious. Maxima also occur at frequency intervals half-way between 
adjacent minima. This focusing and defocusing of power can be attributed 
to undersirable side-lobe effects (Bendat and Piersol, 1971; Lines and 
Ulrych, 1977). Smoothing the power spectrum by averaging can be used to
Figure 5.2 Truncated Fourier Power spectrum of example (a) in Figure 5.1.
The points of truncation are shown for this real seismic velocity wavelet 
in the upper right hand comer of figure. The time scale for the seismic 
velocity wavelet is 2 sec/cm. Note the large dip in the spectrum at 
approximately 2.6 Hz caused by the truncation.
Figure 5.3 Same as Figure caption 5.2 except that it is the truncated power
spectrum of example (b) in Figure 5.1.
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Figure 5.4 Same as Figure caption 5.2 except that it is the truncated
power spectrum of example (c) in Figure 5.1. Note that the dips due to 
truncation are not as severe as those in Figures 5.2 and 5.3.
Figure 5.5 Same as Figure caption 5.2 except that it is the truncated 
power spectrum of example (d) in Figure 5.1. Note the dips due to
truncation are not as severe as those in Figures 5.2. and 5.3.
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compensate for side lobe effects; loss of resolution and biasing of the 
power processing of transient seismic data will be explored next, in an 
attempt (i) to remove side lobe effects; (ii) to increase spectral 
resolution; and (iii) to reduce biasing effects.
5.5 Parameter Fitting Spectral Estimates
5.5.1 Theory
Parameter fitting spectral methods for estimating power in a time 
series have become popular because of their ability to determine estimates 
of power from a short time series. The inability to determine the exact 
autocorrelation function for short time series may lead to problems in 
stability and resolution using Fourier techniques.
The parameter fitting spectral technique is built around the idea 
that if white noise is passed through a particular impulse response filter 
the resulting time series x(t) will have a power spectrum which is identical 
to power spectrum of the observed signal. The autoregressive process which 
satisfies this time series filter is
x(t) = -a(l)x(t-l)-a(2)x(t-2) - ... -a(L)x(t-L) + u(t) 5.6
where a(k) are the coefficients which are defined by the impulse response 
of the process, out to L known lags. If the process is reversed starting 
with x(t) (the time series which is observed), the impulse response neces­
sary to form a white noise series with the same length L can be developed. 
The output of such an impulse response filter is then
u(t) = x(t) + a(l)x(t-l) + ... + a(L)x(t-L) 5.7
where a(k) are the coefficients of the white noise filter. By minimizing
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the mean square value of the filter output the values of a(l) . .., a(k) are 
selected and must satisfy the equation
[1,a(l) , .. . , a(L) ]
R(0)
R(L)
R(L)“
R(0)
[P,0, ...] 5.8
where the right hand side of the above equation is the estimated prediction 
error and R(0), R(L) are the known autocorrelations, which is a
Töeplitz matrix of the autocorrelation series. The series 1, a(l) , ..., 
a(L) is then a hindsight prediction error filter. It predicts what the 
future values of the time series are going to be, based upon past values.
Also it follows that if the time series under study is really generated from 
a white noise process, the a(k)'s in Equation 5.7 are equal to the values a(k)’s 
in Equation 5.6.
Equation 5.8 is generally known as the normal equation (accredited 
to Yule, 1927 and Walker, 1931) and is called the prediction error filter.
If 1, a(l), ...» a(L) are known, the unknown autocorrelations can be 
extended by prediction. The power in the time series can then be calculated, 
based upon the known and predicted values of the autocorrelations, by 
performing a Fourier transform. However, it is much easier to determine 
the power in the time series by obtaining the frequency response function 
of the prediction error filter. That is, if the output of the filter is white 
with power spectral density P, and the time series is sampled at At seconds, 
the power P(f) of the time series becomes
P
P(f)
^ ... -i2TrjfAt£ a(j)e
j=o
2 5.9
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One of the main difficulties in determining a power spectrum in this 
way has been in deciding what to use as the discrete autocorrelation function. 
Given a time series x(l) ...» x(t), the conventional formulas for obtaining 
an estimate of autocorrelation function are
and
R(j) = ~ y  E x(k)x(k+j) 
k=o
R(j)
1 N
------- E x(k)x(k+j)
T+l-IjI k=o
5.10
5.11
In order to estimate the power, which must be positive for all values, 
the autocorrelation matrix (Töeplitz matrix) given in Equation 5.8 must be 
positively defined. For this reason Equation 5.10 is used to determine 
the autocorrelation coefficients for the Yule-Walker approach. However, 
the first autocorrelation formula does give a positively defined Töeplitz 
matrix but assumes that the time series is extended with zeros, thereby 
biasing the estimate. The second autocorrelation formula above (Equation 
5.11) is an unbiased estimate of autocorrelation but can result in a non- 
positively defined Töeplitz matrix.
Burg (1967) has provided a method for determining another estimate 
of the autocorrelation. The following paragraphs will demonstrate the 
method in which the error prediction coefficients can be determined.
Since there is no significant statistical difference between forward 
and backward time for a time series which is an interval from a stationary 
random process specified by x(t), the forward prediction error e+ (t) in 
terms of its forward prediction coefficient a(k) can be written as
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e+ ( t )  = x ( t )  + a ( l ) x ( t - l )  + . . .  + a ( L ) x ( t - L ) 5 .12
and i t s  backward  p r e d i c t i o n  e r r o r s  s e r i e s
e ( t )  = x ( t - L )  + a * ( l ) x ( t - L )  + . . .  + a * ( L ) x ( t ) 5 .1 3
where  a* (k )  a r e  t h e  complex c o n j u g a t e s  o f  a ( k ) . The c o s t  f u n c t i o n  i s  
t h e n  d e f i n e d  as
The above e q u a t i o n  e q u a l l y  w e i g h t s  e+ and e_ t o  f i n d  t h e  a ( k ) , k  = 1 ,  . . . ,  L 
wh ich  m in imize  J .  A f t e r  t h e  a ( k ) ’ s have  be e n  d e t e r m i n e d  t h e  s p e c t r a l  power 
can  be e s t i m a t e d  t h r o u g h  t h e  use  o f  E q u a t i o n  5 . 9 .  A l though  t h e  above 
a p p ro a c h  i s  a v a l i d  one ,  i t  does  n o t  g u a r a n t e e  t h a t  t h e  a u t o c o r r e l a t i o n  
m a t r i x  g iv en  i n  E q u a t io n  5 . 8  i s  n o n - n e g a t i v e l y  d e f i n e d .  T h e r e f o r e  Burg 
p r o p o s e d  t o  p r e d i c t  ahead one p r e d i c t i o n  e r r o r  p o i n t  f rom t h e  p r e v i o u s l y  
known o n e s .  I n  o t h e r  w ords ,  g iv e n  t h e  e r r o r  s e r i e s  e+ and e_ as  d e f i n e d  
above f o r  t h e  fo rw ard  e r r o r  f i l t e r  [ l , a ( l ) ,  . . . ,  a ( L ) ]  and t h e  backward  
e r r o r  f i l t e r  [ a * ( l ) ,  . . .  a * (L ) ]  r e s p e c t i v e l y ,  a new e r r o r  s e r i e s  e+ and e _  
can  be d e v e lo p e d  by p r e d i c t i n g  ahead  one p o i n t ,  wh ich  g i v e s  r i s e  t o  t h e  new 
fo rw ard  p r e d i c t i o n  e r r o r  f i l t e r s  [1 ,  a ' ( l ) ,  . . . ,  a ' ( L + l ) ] .  The one p o i n t  
ahead  p r e d i c t i o n  e r r o r  f i l t e r s  can be  c a l c u l a t e d  by L e v i n s o n ’s r e c u r s i o n  
a l g o r i t h m  ( L e v in s o n ,  1947) g i v i n g
J
t=L
e { ] e + ( t ) r  + M o n 5 .1 4
e+ ( t )  = e+ ( t )  + c e _ ( t ) 5 .1 5
and
= e _ ( t )  + c*e+ ( t )e ( t ) 5 .16
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where c and its complex conjugate c* are constants. Again making use of 
the cost function, the constants c and c* can be selected such that
T
J = Z {|e (t)12 + Ie_(t)12} 5.17
t=L+l
is minimized. Such minimization guarantees that the constants c and c* are 
less than one. Further, the calculation of the one-ahead prediction error 
filter guarantees the Töeplitz matrix in Equation 5.8 to be positively 
defined. After the series [l,a'(l), a'(L+l)] has been determined the
spectral power can be calculated using Equation 5.9. For clarity a 
pseudo-flow chart of Burg's recursion is shown in Figure 5.6.
The only requirement left is the determination of the number of 
prediction error filters necessary to describe the time series completely. 
Too few filter coefficients will make the power spectrum appear smeared out, 
but on the other hand too many filter coefficients may cause the power 
spectral estimate to have sporadic spikes in the final spectrum. The method 
for determining the proper number of filter coefficients used in this thesis 
for the Yule-Walker and the Maximum Entropy power estimates is the Final 
Prediction Error (FPE) criterion (Akaike, 1969a,b).
The basic idea behind FPE is as follows. It would be expected that 
as the number of filter coefficients increased the residual estimate 
prediction error would decrease. However, when the filter coefficients are 
applied to a new sample of the autoregressive process, they will be out of 
tune with this new sample. Therefore the mean square error will increase. 
FPE takes these two factors into account and calculates the average mean 
square error. These two factors can be combined into a simple mathematical 
expression for N data points and the prediction distance L. Hence
Figure 5.6
Details of Burg Recursion 
(After Lacoss, 1977)
Initialize:
P
T
= IT + 1 t = 0
L = 0
■*- Define:
Then:
c = y ++ lt = L+l e+(t)|
T
l
t = L+l >_(t-l) I
c+ -
T
t = L+l e+(Oe*Ct-l)
- 2 c + -
C = (c++) + (C_J
p -> (l-|c|2)p
1 1 “ o
al al aL
• -* • + c •
aL aL aL
aL+l _ _ 0 1
L -+ L+l
e, (t) e, CL3 + ce (t-1) + + -
e (t) *> e (t-1) + c*e (t)
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FPE N + (W-l) p N - (PH-1) 5.18
where P is the estimated prediction error given on the right-hand side of 
Equation 5.18. If, however, the mean is removed from the time series 
under consideration, the above equation becomes simply
FPE N + M N - M 5.19
The theory above is a brief outline of the ingredients needed to get 
an estimate of the spectral power of a time series by parameter fitting 
techniques. The following sections will discuss what happens when these 
spectral techniques are applied to both synthetic and real data.
5.5.2 Examples of the Parameter Fitting Technique
Using the synthetic wavelets developed in Section 5.3 of this 
chapter, the power spectra derived from the parameter fitting method are 
compared with the exact Fourier power spectra of these synthetic wavelets. 
Figures 5.7 through 5.10 and Figures 5.11 through 5.14 are examples of 
the parameter fitting method using the Yule-Walker approach and the maximum 
entropy approach respectively. In the following paragraphs, the 
resolution and stability will be examined in order to determine if these 
technqiues can be considered appropriate for analyses of this type of 
wavelet.
According to Akaike’s (FPE) criterion only 8 or 9 prediction error 
coefficients are necessary to describe fully a wavelet’s time series as shown 
in the upper right-hand comer of the figure. However, applying the 
prediction error coefficients to Equation 5.9 to obtain the power spectra
Figure 5.7 A comparison of the exact Fourier power spectrum (solid line) 
of the non-dispersive synthetic wavelet given in Figure 5.1e with the 
Yule-Walker spectral method (dashed line).
Figure 5.8 Same as for Figure 5.7 except that the example is for the 
spectrum of the wavelet given in Figure 5.If.
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Figure 5,9 Same as for Figure 5.7 except that the example is for the spectrum 
of the wavelet given in Figure 5.1g.
Figure 5.10 Same as for Figure 5.7 except that the example is for the spectrum 
of the wavelet given in Figure 5.1h.
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Figure 5.11 A comparison of the exact 
of the non-dispersive synthetic wavelet 
Maximum Entropy spectral method (dashed
Fourier power spectrum (solid line) 
given in Figure 5.1e with Burg's 
line).
Figure 5.12 Same as for Figure 5.11 except that the example is for the
spectrum of the wavelet given in Figure 5.If.
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Figure 5.13 Same as for Figure 5.11 except that the example is for 
the spectrum of the wavelet given in Figure 5.1g.
Figure 5.14 Same as for Figure 5.11 except that the example is for
the spectrum of the wavelet given in Figure 5.1h.
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for these wavelets, the most striking features are the predominant peaks 
which occur in these spectra. These peaks in no way follow the spectra 
determined analytically. As can be seen, these peaks are concave inward 
from the maximum spectral value rather than outward as indicated by the 
actual spectrum. This inward concaving of the Yule-Walker spectral peaks 
make the determination of t* values using frequencies lower than the peak 
useless. In order to obtain reliable values for t* and reduce the 
standard error, as much as possible of the total dynamic range of the 
frequency spectrum must be used. Another important consideration is the 
location of the (Y-W) spectral peak. As indicated by the figures, these 
peaks are displaced toward the higher frequency range. This occurrence 
will cause difficulties in location of the source function's comer 
frequency. Burg's maximum entropy method (MEM) has some of the same 
difficulties as the Yule-Walker method: again the spectral power is
concave inward towards the (MEM) spectral peak and the low frequency power 
is poorly determined. However the peak power of the maximum entropy method 
coincides more closely to the correct spectral peak. Furthermore, the 
power fit for the frequency at the right of the peak value is better than 
that given by the Yule-Walker method eventhough these spectra have a more 
oscillatory character. The reason for this is that over twice the number 
of prediction error coefficients are required to define the time series 
wavelets using Burg's method than for the Yule-Walker method. Lastly, 
the MEM gives a better spectral fit to the correct spectra when the 
predominant frequency tends towards the low-frequency end of the spectrum. 
As a result, the best MEM spectra would occur when the predominant 
frequency is zero, which is generally not the case.
Eventhough the above parameter-fitting technique has the advantage of
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not subjectively picking windowing functions and lag lengths as in the case 
of Fourier techniques, they do not appear to give spectra with enough 
stability to determine the attenuation properties of seismic phase wavelets. 
Basically the reason is that seismic phase wavelets are not autoregressive 
time series. Seismic wavelets are either moving average (MA) or auto­
regressive moving average (ARMA) time sequences. Attempts to parameterize 
a seismic phase wavelet in terms of an autoregressive series is therefore 
invalid. On the other hand, modelling a time sequence by a moving average 
process or moving average autoregressive process is difficult (Jenkins 
and Watts, 1968; Chatfield, 1975) because efficient explicit estimators 
cannot be found.
Based upon the above conclusion, that seismic wavelets are not 
autoregressive in nature, examples of real seismic time series analysed by 
these methods will not be included because of their improper fit to synthetic 
data. Seismic wavelets in a noise environment would only result in a power 
spectrum improperly parameterized.
5.6 Conclusions about Time Domain, Fourier, and Autoregressive Spectral 
Methods
As pointed out previously the time domain method of determining 
the corner frequency of the source spectrum and the attenuation factor t* is 
considered to be an inadequate approach because it is basically a trial and 
error method. Such a method may lead to wrong values for both the comer 
frequency and attenuation factor t* but still, in the presence of noise, 
give the appearance of being a good fit to real data. Even in the case 
where a constructed synthetic wavelet is compared with real data and the 
fit is poor, one could argue that the real data is perturbed by noise. Such
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an argument would therefore call upon the "insight" of the observer to 
subjectively "eyeball" his estimate of the time wavelet in noise. An 
"eyeball" estimator cannot be considered to be an analytical estimator 
because it calls upon the built-in prejudices of the observer and not 
on hard data.
A second objection to fitting synthetics to real data is the lack 
of knowledge about the phase component of the attenuation factor t*. One 
could use a variety of theoretical phase components for the attenuation 
factor (Futterman, 1962; Strick, 1967) but the actual phase relationship 
of attenuation for the short period seismic waves remains unobserved. 
Therefore the only remaining approach would be to "guess at" the phase 
relationship of attenuation, which may lead to incorrect synthetics for 
matching with real data. Such a matching of real data with synthetic 
data may appear to be correct but could also be substantially wrong.
A third objection to time domain fitting can be raised. The shape 
of the wavelet being estimated will be dominated by the predominant 
frequency. The high frequency roll-off will have little influence on 
the shape of a derived synthetic wavelet, especially over a limited band of 
frequencies. This frequency roll-off is precisely the information needed 
to determine the quality factor Q.
The examples given in this chapter demonstrate that power spectral 
estimates are not without their drawbacks. Dealing with real data, it 
was found that side lobe effects perturb the resulting Fourier power 
spectrum, making it difficult to determine where the spectral information 
is at the white noise level. Tapering data before the spectrum is determined 
does not appear to eliminate this side lobe effect. Spectral smoothing leads
to a very biased spectrum. t*’s determined by a smoothed spectrum will 
therefore be biased. All-pole filter technqiues of Yule-Walker and Burg 
tend to peak the spectrum to the point where it becomes useless for 
determining the attenuation factor with any degree of success. Methods 
which describe power spectra more accurately than the above methods will 
be discussed in the following chapter.
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CHAPTER 6
SPECTRAL ANALYSIS (SUCCESSFUL METHODS)
6 .1  I n t r o d u c t i o n
As shown i n  t h e  l a s t  c h a p t e r ,  when t h e  t im e  s e r i e s  i s  s h o r t ,  po o r  
e s t i m a t e s  o f  s p e c t r a l  power a r e  o b t a i n e d  i f  F o u r i e r  and p a r a m e t e r  f i t t i n g  
t e c h n i q u e s  a r e  u s e d ,  t h e  c h i e f  r e a s o n  b e i n g  t h e  c o n v o l u t i o n  o f  t h e  s i n e  
f u n c t i o n  i n t o  t h e  s p e c t r a  i n  t h e  c a s e  o f  F o u r i e r  a n a l y s i s  and t h e  i n a b i l i t y  
t o  model  t h e  t im e  s e r i e s  as  an a u t o r e g r e s s i v e  s e q u e n c e  i n  t h e  c a s e  o f  
p a r a m e t e r - f i t t i n g  t e c h n i q u e s .  To overcome t h e s e  d i f f i c u l t i e s ,  two more 
s p e c t r a l  t e c h n i q u e s  have  been  t e s t e d  t o  d e t e r m i n e  i f  t h e y  a r e  a p p r o p r i a t e  
f o r  e s t i m a t i n g  t*  v a l u e s .  S p e c i f i c a l l y  t h e  s p e c t r a l  t e c h n i q u e s  c o n s i d e r e d  
were ( i )  t h e  Maximum L i k e l i h o o d  Method (Capon,  1973;  L a c o s s , 197 1 ) ;  and 
( i i )  t h e  Homomorphic D e c o n v o l u t i o n  T echn ique  (Oppenheim e t  a l . , 1968;  
Oppenheim and S c h a f e r ,  1975) .  The r e m a i n d e r  o f  t h i s  c h a p t e r  w i l l  be d e v o te d  
t o  t h e  t h e o r e t i c a l  and p r a c t i c a l  a p p l i c a t i o n  o f  t h e s e  t e c h n i q u e s  t o  t r a n s i e n t
s h o r t  p e r i o d  s e i s m i c  w a v e l e t s .
6 .2  Maximum L i k e l i h o o d  Method (MLM)
6 . 2 . 1  Theory
The Maximum L i k e l i h o o d  Method (MLM) was d e v e lo p e d  by Capon e t  a l . , 
(1967) t o  e s t i m a t e  t h e  s p e c t r a l  a m p l i t u d e s  o f  a s e i s m i c  e v e n t  f o r  a g iven  
f r e q u e n c y  b a s e d  upon t h e  n o i s e  s t a t i s t i c s .  T h i s  method lo o k s  a t  t h e  n o i s e  
p r i o r  t o  t h e  f i r s t  a r r i v a l  and d e s i g n s  a window i n  an o p t i m a l  way ( i n  
f requency-w avenum ber  s p a c e )  t o  m in im ize  t h e  n o i s e  w h i l e  p a s s i n g  t h e  s i g n a l
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without distortion. Later, Lacoss (1971) showed how this technique 
could be extended to the frequency domain and return a power spectrum for 
single channel data. A good mathematical description of this method 
is given by Kanasewich (1973) and will be highlighted here.
Suppose one wishes to design a filter having an impulse response W, 
with an input y, to return an output x. If the input consists of complex 
sinusoids of amplitude A with a zero mean noise term e produced by a random 
process, the input signal y can be written as
. +i27ifAtk . y. = Ae + c.k 6.1
where At is the sampling interval and k is the time index. The convolution 
of the filter with the input signal would therefore yield the output signal 
x, where
*k
N
E
n=l
W y n k+l-n 6. 2
For a sinusoid to be passed through the filter without distortion or 
delay, the following condition must exist
i2frfkAt ATT i27rf At (k+l-n)Ae = E AW e
i nn=l
or simply
1 = E W e
i nn=l
i27rfAt (1-n)
This equation can be easily written in matrix form
1 = [e *t ] [w ]
where
[W] = colfW^W, ..., WN ]
6.3
6.4
6.5
6. 6
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and
[E] c o l [ 1 ,e
i27Tf At i2 iTfAt(n-1 )  ,e ] 6 .7
The f i l t e r  s h o u ld  a l s o  p a s s  t h e  complex c o n j u g a t e  o f  t h e  s i g n a l  w i t h o u t  
d i s t o r t i o n  so t h a t
1 = [ET][W] 6 .8
I n  o r d e r  t o  o p t i m i z e  t h e  d e t e r m i n a t i o n  o f  t h e  power i n  t h e  s i g n a l ,  t h e  
v a r i a n c e  o f  t h e  z e ro  mean n o i s e  must  be m in im iz e d .
The v a r i a n c e  o f  t h e  o u t p u t  can be e x p r e s s e d  as  s im p ly  t h e  e x p e c t a t i o n ,  
E, o f  t h e  s q u a r e d  o u t p u t .
a 2 = E ( x ^ ) 2 . 6 .9
In  m a t r i x  form t h e  above e q u a t i o n  becomes (Kanasew ich ,  1973)
o2 = [W*T][A][W] 6 .1 0
where  [W ] i s  t h e  complex c o n j u g a t e  m a t r i x  o f  t h e  f i l t e r  and A i s  an
NxN T ö e p l i t z  c o r r e l a t i o n  m a t r i x  formed from t h e  a u t o c o r r e l a t i o n  c o e f f i c i e n t s .
To m in im ize  t h e  v a r i a n c e  w i t h  t h e  c o n d i t i o n s  g iv e n  by E q u a t i o n s  6 . 4
and 6 . 8 ,  Capon r e l a t e d  t h e s e  two e q u a t i o n s  i n  t e rm s  o f  an u n d e te r m i n e d
m u l t i p l i e r ,  A, and m in im ized  them w i t h  r e s p e c t  t o  t h e  unknown f i l t e r
c o e f f i c i e n t s ,  W .n
• j r | - T  {[W*T] [A] [W] - A ( [ E * T][W -  1 ) ] }  = 0 6 .1 1
1 n J
This  y i e l d s  a s e t  o f  e q u a t i o n s  w h i c h ,  when e x p r e s s e d  i n  m a t r i x  n o t a t i o n ,
becomes
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[A] [W] 7 6.12
By multiplying both sides of the equation by the inverse of [A] and 
substituting [W] using Equation 6.8, the above equation becomes
T[E ]
1 [A h[E*] 6.13
[ET][a"1][e*]
6.14
Making use of Equation 6.12 the above equation can be written in terms of 
the filter matrix [W]
[Wj
[A 1][E*] 
[ET][a-1][E*]
6.15
Since the vector [W] is now known, it is a simple matter to write the 
transposed complex conjugate of the vector and solve for the output variance
— *p kin terms of [A ], [E ] and [E ] using Equation 6.10. After some mathematical
manipulation the variance of the output becomes
„ 1
T -1 * E A E
6.16
P is the maximum likelihood spectral power estimator given by Lacoss (1971).
Generally, the maximum likelihood method (MLM) is used on stationary 
random time series because such a series can be segmented to obtain the 
power of each individual segment (Welsh, 1967). Averaging of these power 
spectra in effect increases the number of degrees of freedom of the estimate, 
and thereby decreases the noise variance of the power estimate for each
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individual frequency. The relationship between this single channel 
estimate and its variance is unknown at this time (Lacoss, 1971). Also, 
the numbers of autocorrelation lags necessary to describe efficiently the 
MLM power spectrum is unknown. The analysis of synthetic data may shed 
some light as to the number of autocorrelation coefficients necessary to 
describe the MLM power spectrum as well as the spectrum’s resolution and 
stability properties. These properties will be considered in the next 
section.
6.2.2 Examples of the Maximum Likelihood Method (MLM)
Considering first noise-free synthetic data (Figure 5.1) it was 
found that the best MLM power spectral estimate (Figures 6.1 and 6.2) is 
provided by using the autocorrelation function (Equation 5.10) given in 
Section 5.5.1. The number of autocorrelation coefficients used corresponds 
to the number of digital data points in the time series interval, thereby 
taking advantage of all possible values. Fewer lags than this lead to a 
calculated power spectrum which tends to deviate further from the analytical 
spectrum as the number of lags is decreased. This effect therefore gives 
rise to a calculated power estimate with a larger power content beyond 
the predominant frequency than is actually present, eventhough, using all 
the available autocorrelation coefficients, the calculated MLM spectrum 
will tend to indicate a smaller t* value than is actually present.
Another important consideration is the spectral dynamic range of the 
method. To determine this property a larger attenuation factor t* is 
imposed on the noise-free synthetic time series to extend the dynamic range 
of power in the frequency range of interest. The analytical power spectra 
(solid line) along with the MLM solution dashed line are given in Figures
Figure 6.1 A comparison of the exact Fourier power spectrum (solid line) 
of the non-dispersive synthetic wavelet given in Figure 5.1h with the 
Maximum Likelihood spectral method (dashed line).
Figure 6.2 Same as for Figure 6.1, except that the example is for the 
spectrum of the wavelet given in Figure 5.1g.
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6 . 3  and 6 . 4 .  I t  can be  s e e n  from t h e s e  f i g u r e s  t h a t  t h e  u s a b l e  dynamic 
r a n g e  i s  no g r e a t e r  t h a n  48 dB. As w i l l  be shown,  a b e t t e r  power e s t i m a t e  
can  be a c h i e v e d  by p r e - w h i t e n i n g  t h e  t im e  s e r i e s  w i t h  a q u a s i - d i f f e r e n c e  
f i l t e r  ( J e n k i n s  and W a t t s ,  1968; Koopmans, 1974) p r i o r  t o  t h e  c o m p u t a t i o n  
o f  t h e  MLM s p e c t r u m .  Such a f i l t e r e d  t im e  s e r i e s  Y ( t )  can be w r i t t e n  i n  
t e r m s  o f  i t s  a c t u a l  t im e  s e r i e s  X( t )  r e p r e s e n t a t i o n  as
Y ( t )  = X( t )  -  a X ( t - l )  6 .17
where  t h e  c o n s t a n t  a d e t e r m i n e s  t h e  r e s p o n s e  o f  t h i s  h i g h  p a s s  f i l t e r .
2
The s p e c t r a l  r e s p o n s e  |G(oo)| o f  t h i s  f i l t e r  can t h e n  be  w r i t t e n  as
IG( co) 12 = 1 -  2a cos co + a 2 6 .1 8
and t h e  p h a s e  as
4 > ( u ) )
- 1  , a s i n  w Nt a n  (------------------)1 -  a cos  to 6 .1 9
P r e - w h i t e n i n g  t h e  t im e  s e r i e s  s e r v e s  t o  r e d u c e  t h e  amount o f  low f r e q u e n c y  
power  and b r o a d e n s  t h e  o v e r a l l  s p e c t r u m ,  g i v i n g  r i s e  t o  a more b a l a n c e d  
s p e c t r u m .  A t im e  s e r i e s  w i t h  a g e n t l e  s l o p i n g  o f  s p e c t r a l  power on b o t h  
s i d e s  o f  a main peak  i n  t h e  s p e c t r u m  l e a d s  t o  an a n a l y s i s  which  g i v e s  a 
b e t t e r  r e p r e s e n t a t i o n  o f  power p r e s e n t  i n  a s p e c t r u m  t h a n  t h o s e  t im e  s e r i e s  
whose s p e c t r a  a r e  d i s t o r t e d  i n  some o t h e r  f a s h i o n .  P r e - w h i t e n i n g  t h e  t im e  
s e r i e s  ( E q u a t i o n  6 .17 )  and p o s t - c o l o u r i n g  t h e  m o d i f i e d  MLM s p e c t r a  by t h e  
d i v i s i o n  o f  E q u a t io n  6 .1 8  were  t e s t e d  t h r o u g h  t h e  u se  o f  s y n t h e t i c  d a t a .
The same s y n t h e t i c  w a v e l e t s  used  i n  F i g u r e  6 . 3  and  6 .4  were  u sed  and examples  
o f  p r e - w h i t e n e d  and p o s t - c o l o u r e d  e s t i m a t e s  a r e  g iv e n  i n  F i g u r e  6 .5  and 6 .6  
r e s p e c t i v e l y .  Comparing t h e s e  f i g u r e s  i t  can be  r e a d i l y  s e en  t h a t  t h e  
a c t u a l  s p e c t r u m  (dashed  l i n e )  i n  t h e  p r e - f i l t e r e d  c a s e  i s  a much c l o s e r  f i t
Figure 6.3 A comparison of exact Fourier Power Spectrum (solid line)
and the Maximum Likelihood spectrum (dashed line) for the highly attenuated 
non-dispersive synthetic wavelet given in the upper right hand comer.
The parameters are 1.0 second and 1.0 Hz for the t* and the corner frequency 
respectively.
Figure 6.4 The same as for Figure 6.3 except that t* is equal to 1.2 seconds.
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Figure 6.5 Same as for Figure 6.2 except that the non-dispersive synthetic
wavelet was pre-whitened and post-coloured using the first difference 
equation given in text. The pre-whitening coefficient a is 0.35.
Figure 6.6 Same as for Figure 6.4 except that the non-dispersive synthetic 
wavelet was pre-whitened and post-coloured using the first difference 
equation given in text. The pre-whitening coefficient a is 0.55.
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to the exact (solid line) spectrum than the unfiltered case. What is more, 
in the extremely attenuated case in Figure 6.6 the power dynamic range is 
increased some 16dB over that given in Figure 6.4. The main problem in 
the above procedure is to determine the best choice of the constant a.
No analytical method of determining a has been found by this author. The 
values of a given in Figure 6.5 and 6.6 were found by a trial-and-error 
procedure. It may be possible, however, to predict the best value of a based 
upon a preliminary estimate of the predominant frequency or the high frequency 
of roll-off using synthetic data. A graph of a versus the predominant 
frequency or the high frequency roll-off would lead to an empirical choice 
of a. This procedure for picking a serves only to improve the MLM power 
estimates for data considered in this thesis. It may not in itself be a 
sufficient method for pre-whitening spectra of another type.
Another method for pre-whitening spectra which may be useful is to 
estimate the first few autoregressive prediction error coefficients by the 
methods described in the previous section. Convolving these prediction 
error coefficients with the time series under study should yield a pre­
whitened time series with most of the dominant power removed. Since most 
spectral techniques work best on a spectrum which is flat, the MLM should 
therefore return high resolution for this whitened spectrum. Post-colouring 
the MLM spectrum should yield a power spectrum very close to the actual 
power contained in the time series under study.
A third pre-whitening method is to make use of infinite - or finite - 
duration response filters. Many examples of H R  and FIR digital filters 
can be found in the literature (Oppenheim and Schafer, 1975). Great care 
must be taken to ensure that the pre-whitening filter does not ramp too fast 
between the passband edge and stopband edge frequencies. Another problem
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w i t h  t h i s  t y p e  o f  f i l t e r  i s  r i p p l e  which  i s  a s s o c i a t e d  w i t h  t h e  f i l t e r  
r e s p o n s e .  The d e s ig n  o f  such  f i l t e r s  s h o u l d  be  made t o  s u p p r e s s  such  
r i p p l e  so  t h a t  t h e i r  i n f l u e n c e  w i l l  be i n s i g n i f i c a n t  upon p o s t - c o l o u r i n g .
The use  o f  H R  and FIR d i g i t a l  f i l t e r s  w i l l  c a u se  p h a s e  d i s t o r t i o n  i n  t h e  
t im e  s e r i e s  t o  be p r e - w h i t e n e d .  However ,  s i n c e  t h e  conc e rn  h e r e  i s  o n l y  i n  
t h e  r e a l  p a r t  o f  Q, t h e  p h a s e  d i s t o r t i o n  p r e s e n t s  no p rob lem .
Upon a p p l y i n g  t h e  above t e c h n i q u e s  t o  r e a l  P p h a s e  d a t a  g iv e n  i n  t h e  
p r e v i o u s  s e c t i o n ,  t h e  MLM s p e c t r a  were  found t o  be  much sm o o th e r  t h a n  t h o s e  
s p e c t r a  o b t a i n e d  by t h e  F o u r i e r  t r a n s f o r m  method .  T h i s  i s  b e c a u s e  t h e  MLM 
a d a p t s  i t s e l f  a p p r o p r i a t e l y  t o  t h e  windowed d a t a  ( L a c o s s , 1971,  1977 ) .  
F u r t h e r m o r e ,  t h e  p r e - w h i t e n e d  and p o s t - c o l o u r e d  method g i v e s  a b e t t e r  
s p e c t r a l  r e p r e s e n t a t i o n  o f  t h i s  r e a l  d a t a .
As i n  t h e  F o u r i e r  power s p e c t r a  ( F i g u r e  5 .2  t h r o u g h  5 . 5 ) ,  t h e  o n l y  
t h i n g  removed from t h e  MLM s p e c t r a  ( F i g u r e  6 .7  t h r o u g h  6 .1 0 )  i s  t h e  
i n s t r u m e n t a l  r e s p o n s e .  The dashed  l i n e s  i n  t h e s e  f i g u r e s  a r e  t h e  l e a s t -  
s q u a r e s  f i t ,  t o  be  d i s c u s s e d  i n  a l a t e r  c h a p t e r ,  on t h e  MLM s p e c t r a .  The 
d o t - d a s h  l i n e s  i n  F i g u r e  6 .7  t h ro u g h  6 .1 0  a r e  t h e  e x t e n s i o n  o f  t h e  d a t a  
n o t  u sed  i n  d e t e r m i n i n g  t h e  l e a s t - s q u a r e s  f i t .  These  d a t a  a r e  c o n s i d e r e d  
t o  be a t  t h e  b a s e l i n e  o f  t h e  s p e c t r a  and o n l y  r e p r e s e n t a t i v e  o f  w h i t e  n o i s e .
I n  c o n c l u s i o n ,  t h e  b e s t  e s t i m a t e  o f  t h e  power c o n t e n t  f o r  a r e a l  
segment  o f  s e i s m i c  t im e  d a t a  i s  o b t a i n e d  from t h e  p r e - w h i t e n e d  and 
p o s t - c o l o u r e d  MLM power s p e c t r u m .  A d a p t iv e  windowing o f  t h e  d a t a  i s  f a r  
more s u p e r i o r  t h a n  F o u r i e r  s p e c t r a l  t e c h n i q u e  a p p ro a c h e s  when t h e  t im e  
s e r i e s  i s  s h o r t .  No p e a k i n g  o f  t h e  s p e c t r a l  power o c c u r s  a ro u n d  t h e  
p r e d o m i n a n t  f r e q u e n c y  as  i n  the c a s e  o f  t h e  Y u le -W a lke r  o r  B u r g ' s  Maximum 
E n t ro p y  methods .  The o n ly  p ro b le m  t h a t  s t i l l  r em a ins  i s  c o h e r e n t  n o i s e  
( i . e .  m i c r o s e i s m s ,  c r u s t a l  r e f l e c t i o n s ,  e t c . )  which i s  n o t  d i s c r i m i n a t e d
Figure 6.7 Maximum Likelihood Spectral estimate (solid line) of the 
truncated seismic P phase wavelet shown in Figure 5.1a with the displacement 
instrumental response removed. The dahsed line is the least-squares fit 
(to be discussed in Chapter 7) for source and attenuation responses, while 
the dot-dash line is the portion of the data not used for the fit. Specific 
values for the corner frequency (C.F.) and t* are 1.08 Hz and 0.462 ± 0.063 
seconds respectively. Note the slight curvature in the dashed line due to 
the source spectrum.
Figure 6.8 Same as for Figure 6.7 except that the truncated seismic wavelet 
given in Figure 5.1b was used. The calculated values for the corner frequency 
(C.F.) and t* are 1.25 Hz and 0.297 ± 0.052 seconds respectively. Note that 
all data were used for the least squares fit.
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Figure 6.9 Same as for Figure 6.7 except that the truncated seismic
wavelet given in Figure 5.1c was used. The calculated values for the 
corner frequency (C.F.) and t* are 0.98 Hz and 0.434 ± 0.066 seconds 
respectively. The dot-dash line is the data not used for the least 
squares fit.
Figure 6.10 Same as for Figure 6.7 except that the truncated seismic 
wavelet given in Figure 5.Id was used. The calculated values for the 
corner frequency (C.F.) and t* are 1.46 Hz and 0.210 ± 0.056 seconds
respectively.
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a g a i n s t  by any o f  t h e  s p e c t r a l  methods t h u s  f a r  c o n s i d e r e d .  N o ise  
d i s c r i m i n a t i o n  w i l l  be c o n s i d e r e d  i n  t h e  s e c t i o n  on Homomorphic D e c o n v o l u t i o n .
6 . 3  E s t i m a t i o n  o f  t *  by Homomorphic D e c o n v o l u t i o n  
6 . 3 . 1  Theory
As p o i n t e d  o u t  i n  p r e v i o u s  s e c t i o n s ,  an e s t i m a t e  o f  t h e  t r u e  
power s p e c t r u m  c a n n o t  be made by a p a r a m e t e r - f i t t i n g  m o d e l l i n g  t e c h n i q u e  
b e c a u s e  t h e  t im e  s e r i e s  i s  n o t  a t r u e  a u t o r e g r e s s i v e  t im e  s e q u e n c e .  The 
Maximum l i k e l i h o o d  method does a p p e a r  to  window a t r u n c a t e d  t im e  s e r i e s  
p r o p e r l y  b e c a u s e  o f  i n s e n s i t i v i t y  t o  t h e  edges  o f  t h e  d a t a .  However MLM 
c a n n o t  a c c o u n t  f o r  c o r r e l a t a b l e  n o i s e  p r o p e r t i e s  o r  im p u l s e  r e s p o n s e s  which  
may be p r e s e n t  i n  t h e  windowed s e i s m i c  t im e  s e r i e s  unde r  s t u d y .  As p o i n t e d  
o u t  i n  t h e  l a s t  s e c t i o n ,  use  o f  t h e  F o u r i e r  t r a n s f o r m  t o  o b t a i n  a power 
s p e c t r u m ,  as  shown in  S e c t i o n  5 . 4 ,  l e a d s  t o  u n d e s i r a b l e  s i d e - l o b e  e f f e c t s .
The rem ova l  o f  t h e  two a b o v e -m en t io n ed  u n d e s i r a b l e  e f f e c t s  may be 
e l i m i n a t e d  by n o n - l i n e a r  s p e c t r a l  t e c h n i q u e s  such  as  Homomorphic D e c o n v o l u t i o n .  
T h i s  t e c h n i q u e  has  been  e x t e n s i v e l y  s t u d i e d  by Oppenheim,  S c h a f e r  and 
S t o c k t o n  ( 1 9 6 8 ) ,  who show how i t  can be e f f e c t i v e l y  used  f o r  image enhancement  
and echo r em ova l .  L a t e r ,  U l rych  (1 9 7 1 ) ,  U l r y c h  e t  a l . , ( 1 9 7 2 ) ,  and L in e s  
and U l r y c h  ( 1 9 7 7 ) ,  used  t h i s  t e c h n i q u e  t o  remove t h e  im p u l s e  r e s p o n s e  o f  
t h e  c r u s t  f rom t h e  p r im a r y  s e i s m i c  w a v e l e t .  U l rych  (1971)  s u g g e s t s  t h a t  
homomorphic d e c o n v o l u t i o n  may be  u s e f u l  f o r  t h e  d e t e r m i n a t i o n  o f  a t t e n u a t i o n  
i n  t h e  e a r t h .  A b r i e f  o u t l i n e  o f  t h i s  t e c h n i q u e  w i l l  be g iv e n  h e r e  t o  
d e m o n s t r a t e  how i t  can be  a p p l i e d  t o  d e t e r m i n i n g  t *  v a l u e s .
I n  p r i n c i p l e ,  t h e  t e c h n i q u e  t r a n s f o r m s  a t im e  s e r i e s  which  c o n s i s t s  
o f  m u l t i p l i e d  o r  c o n vo lve d  te rms  i n t o  a t im e  s e r i e s  which  c o n s i s t s  o f  terms
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i n  a d d i t i o n .  M a t h e m a t i c a l l y  t h i s  i s  a c h i e v e d  by t h e  f o l l o w i n g  s t e p s :
(1) Compute t h e  F o u r i e r  t r a n s f o r m s  of  t h e  s e i s m i c  w a v e l e t  t im e  s e r i e s  
X(n) .
(2) Compute l o g  o f  t h e  a m p l i t u d e  s p e c t r u m  and unwrap t h e  p h a s e  s p e c t r u m  
i n  o r d e r  t o  make th e  t o t a l  e x p r e s s i o n  a n a l y t i c a l  (Oppenheim and 
S c h a f e r ,  1975) .  G e n e r a l l y  a t  t h i s  p o i n t  t h e  l i n e a r  p h a s e  component  
i s  removed.
(3) Compute t h e  i n v e r s e  F o u r i e r  t r a n s f o r m  o f  t h e  a m p l i t u d e  and p h a s e
A I
s p e c t r a  r e s u l t i n g  i n  t h e  complex c e p s t r u m  X ( n ) .
(4)  F i l t e r  t h e  complex c e p s t r u m  by l i n e a r  f i l t e r i n g .  T h i s  p r o c e s s  
s e p a r a t e s  t h e  v a r i o u s  components o f  t h e  s p e c t r u m .  How t h i s  i s  done 
w i l l  be  e x p l a i n e d  l a t e r  i n  an a c t u a l  exam ple .
(5)  Compute t h e  F o u r i e r  t r a n s f o r m  of  t h e  f i l t e r e d  complex c e p s t r u m .
(6)  Compute t h e  e x p o n e n t i a l  o f  t h e  F o u r i e r  t r a n s f o r m  and r e p l a c e  t h e  
l i n e a r  component  o f  t h e  p h a s e  removed i n  S t e p  2.
(7)  Compute t h e  i n v e r s e  F o u r i e r  t r a n s f o r m  to  r e c o v e r  t h e  d e c o n v o lv e d  
w a v e l e t .
F i g u r e  6 .1 1  shows,  by means o f  a b l o c k  d i a g r a m ,  t h e  above s t e p s .  From t h i s  
d i a g r a m  i t  i s  e a s y  t o  s e e  t h a t  i f  no f i l t e r i n g  i s  done ,  t h e  t im e  s e q u e n c e  
X(n) w i l l  r e t u r n  t h e  same t im e  s e r i e s  X(n) a t  t h e  end o f  t h e  p r o c e s s i n g .  
T h i s  must  be  t r u e  i n  o r d e r  t h a t  t h i s  e s t i m a t i n g  method i s  a c o n s i s t e n t  one .
A s e r i o u s  drawback t o  homomorphic d e c o n v o l u t i o n  i s  t h e  c o r r e c t  
p r o c e d u r e  f o r  unw rapp ing  t h e  pha se  p o s i t i o n  o f  t h e  e s t i m a t e  i n  S tep  2.
T h i s  p h a s e  unwrapp ing  becomes more d i f f i c u l t  i f  random n o i s e  i s  p r e s e n t  i n  
t h e  t im e  s e r i e s  b e i n g  a n a l y s e d ,  t h e  r e a s o n  b e i n g  t h a t  t h e  p h a s e  p o r t i o n  o f  
t h e  n o i s e  i s  random, r e s u l t i n g  i n  an u n c e r t a i n t y  i n  t h e  d i r e c t i o n  i n  which  
t h e  pha se  s p e c t r u m  s h o u ld  go . To overcome t h i s  p rob le m  T r i b o l e t  (1977)
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suggests that the most effective method for phase unwrapping is by adaptive 
integration of the phase derivative. This method works well for the 
spectra examined in this thesis, as will be demonstrated in the next 
section. At this stage it is worth remarking that the computer program 
given by Tribolet has some serious computational errors which must be 
corrected before its use.
6.3.2 Examples of t* Estimates Using the Homomorphic Deconvolution 
Technique
Considering next the problem of how this technique can be used to 
determine t* values for the mantle, the wavelets in Figure 5.1 will be used 
to test the homomorphic deconvolution technique. Using the procedure 
outlined above (Steps 1 through 3) the complex cepstrum is obtained (Figure 
6.13 and 6.16). Note the equally spaced spike(s) on the left-hand side 
of the complex cepstrum in Figures 6.15 and 6.16. Observation reveals that 
these spikes are of the same time length as the original data. Therefore 
these spikes are associated with the manner in which the time series is 
windowed. Filtering applied to the complex cepstrum is used to remove these 
windowing effects in the Fourier power spectra (Figures 5.2 and 5.5). The 
filter has a weight of unity over the complex cepstrum to be conserved and 
zero over the portion to be eliminated. There are four such filters 
considered here; these are (a) low pass, (b) high pass, (c) band pass, and 
(d) comb filters. These are demonstrated in Figure 6.12. However, because 
of the simplicity, and the fact that they were adequate, only low pass 
and high pass filters have been used throughout this analysis. Since the 
complex cepstrum falls off very rapidly from the center values, the low 
pass or high pass filters will add little distortion to the original
Figure 6.12 (a) The general drop-off of the complex cepstrum is indicated
as a function of positive and negative time. (b), (c) , (d) and (e) are 
examples of Low Pass, High Pass, band Pass and comb filter which can be 
used to filter a complex cepstrum.
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Figure 6.13 A demonstration of the application of the Homomorphic
Deconvolution technique to the seismic wavelet given in Figure 5.1a. At 
the top of this figure is the filter used to filter the complex cepstrum 
which appears next in the figure. The lower half of this shows the 
resulting power displacement spectrum of the source (solid line). The 
dashed line is the least-squares fit for this spectrum. The dot-dash 
line is the portion of the data not used in the least-squares fitting
interval. The estimated values for the comer frequency (C.F.) and t*a
are 0.87 Hz and 0.518 ± 0.099 seconds respectively. Note: The only
change in the original data is the smoothing out of the trailing edge 
of the time series (shown in the lower left hand comer of box) .
1
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Figure 6.14 The same as for Figure 6.13 except that the analysis is
performed on the seismic wavelet as shown in Figure 5.1b. 
the corner frequency (C.F.) and t* are 1.25 Hz and 0.374 ± 
respectively using the Homomorphic Deconvolution technique
Estimates for 
0.052 seconds
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Figure 6.15 The same as for Figure 6.13 except that the analysis is
performed on the seismic wavelet shown in Figure 5.1c. Estimates for the 
corner frequency (C.F.) and t* are 0.99 Hz and 0.388 ± 0.041 seconds 
respectively. The arrow indicates the spike in the complex cepstrum 
caused by the truncation of the seismic wavelet.
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Figure 6.16 The same as for Figure 6.13 except that the analysis is
performed on the seismic wavelet shown in Figure 5.Id. Estimates for 
the corner frequency (C.F.) and t* are 1.34 Hz and 0.37 ± 0.041 seconds 
respectively. The arrows indicate the spikes in the complex cepstrum caused 
by the truncation of the seismic wavelet.
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w a v e l e t .  Note  t h a t  t h e  o n ly  change as  compared w i t h  t h e  o r i g i n a l  w a v e l e t  
i n  t h e  t r a i l i n g  edge o c c u r s  where  i t  b r o a d e n s  s l i g h t l y  and t a p e r s  o f f  to  
z e ro  ( F i g u r e  6 . 1 3 ) .  The s u p e r i o r i t y  o f  t h e  power s p e c t r u m ,  a f t e r  i n s t r u m e n t  
r e s p o n s e  i s  removed,  i s  c l e a r l y  d e m o n s t r a t e d  i n  t h e  examples  g iv e n  i n  
F i g u r e s  6 . 1 3  t h ro u g h  6 . 1 6 .  The power s p e c t r u m  d rops  o f f  s m oo th ly  and t h e n  
f l a t t e n s  o u t  to  a b a s e  l i n e  o r  w h i t e  n o i s e  s p e c t r u m .  T h e r e f o r e  a h i g h  
f r e q u e n c y  c u t o f f  must  be  chosen  a t  t h e  p o i n t  where  t h e  power s p e c t r u m  becomes 
m e a n i n g l e s s .  Th i s  i s  e a s i l y  a c h i e v e d  s i n c e  t h e  maximum p e a k - t o - p e a k  
a m p l i t u d e  o f  t h e  w a v e l e t  can be  d e t e r m i n e d  (which  c o r r e s p o n d s  t o  t h e  g a in  
a t  t h e  dominan t  f r e q u e n c y )  and th e n  t h e  z e ro  g a in  l e v e l  can be s e t .  Us ing  
t h e  above c r i t e r i a  t h e  r e s u l t i n g  power s p e c t r u m  ( s o l i d  l i n e )  i s  g iv e n  i n  
F i g u r e s  6 . 1 3  t h ro u g h  6 .16  a l o n g  w i t h  i t s  l e a s t - s q u a r e s  f i t ,  ( d a s h e d  l i n e ) .
The l e a s t - s q u a r e s  f i t t i n g  p r o c e d u r e  w i l l  be  d i s c u s s e d  i n  t h e  f o l l o w i n g  
c h a p t e r .
I n  c o n c l u s i o n ,  some of  t h e  r e a s o n s  why t h e  homomorphic d e c o n v o l u t i o n  
t e c h n i q u e  i s  an improvement  o v e r  t h e  s t a n d a r d  F o u r i e r  t e c h n i q u e  w i l l  be 
d i s c u s s e d .  F i r s t ,  s i n c e  i t  i s  i m p o s s i b l e  i n  a l l  c a s e s  t o  o b t a i n  t h e  
w a v e l e t  one w i s h e s  t o  a n a l y s e  t o  s t a r t  and end on t h e  mean v a l u e ,  windowing  
e f f e c t s  may become i m p o r t a n t  i n  t h e  f i n a l  d e t e r m i n a t i o n  o f  t h e  F o u r i e r  
power s p e c t r u m .  The s h a r p  c u t o f f  o f  d a t a  ( e v e n th o u g h  i t  i s  c o s i n e  t a p e r e d )  
may be a d d in g  i n  ha rm on ics  o f  f r e q u e n c i e s  h i g h e r  t h a n  t h e  N y q u i s t  f r e q u e n c y  
and f o l d i n g  them ba c k  i n t o  t h e  power s p e c t r u m .  As a r e s u l t ,  homomorphic 
d e c o n v o l u t i o n  i s  a c t i n g  as an a n t i - a l i a s i n g  f i l t e r  a t  each  end o f  t h e  d a t a .  
S e c o n d ly ,  by t r u n c a t i n g  t h e  w a v e l e t  t o  be  a n a l y s e d  n e c e s s i t a t e d  by t h e  
p r e s e n c e  o f  o t h e r  i n t e r f e r i n g  incom ing  w a v e l e t s ,  some o f  t h e  w a v e l e t  i s  
b e i n g  c u t  o f f ,  t h e r e b y  making t h e  w a v e l e t  n o n - a n a l y t i c .  Th is  i n  e f f e c t  i s  
t h e  same as c o n v o lv i n g  t h e  s p e c t r u m  w i t h  a s i n e  f u n c t i o n .  Homomorphic
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d e c o n v o lu t io n  co u ld  t h e r e f o r e  b e ,  in  p a r t ,  s e p a r a t i n g  th e  s i n e  f u n c t i o n  away 
from  th e  t r u e  s p e c t ru m . T h is  i s  i n  e f f e c t  a p r e d i c t i o n  o f  t h e  end o f  t h e  
w a v e l e t ,  w hich  was l o s t  i n  o t h e r  incom ing  w a v e l e t s ,  c a u s in g  th e  o r i g i n a l  
w a v e le t  to  be more a n a l y t i c ,  (B a th ,  1 9 7 4 ) .
6 .4  C o n c lu s io n s  to  th e  Maximum L ik e l ih o o d  and Homomorphic D e c o n v o lu t io n  
T ech n iq u es
As d e m o n s t ra te d  i n  t h i s  c h a p t e r ,  t h e  Maximum L ik e l ih o o d  method (MLM) 
g iv e n  by L acoss  (1971) and t h e  Homomorphic d e c o n v o lu t io n  t e c h n iq u e  g iv en  
by Oppenheim e t  a l ., (1968) a r e  c o n s i d e r a b l y  s u p e r i o r  ( f o r  t h i s  a p p l i c a t i o n )  
to  t h o s e  g iv en  i n  th e  p r e v i o u s  c h a p t e r .  However, t h e s e  t e c h n iq u e s  a r e  n o t  
w i t h o u t  t h e i r  d raw backs .  For e x am p le ,  t h e  MLM te n d s  to  i n d i c a t e  a power 
c o n te n t  a t  th e  h i g h e r  f r e q u e n c y  r a n g e s  h i g h e r  th a n  a c t u a l l y  p r e s e n t ,  
w hich  r e s u l t s  in  an e s t i m a t e  o f  t *  ab o u t  0 .0 5  se co n d s  l e s s  t h a t  th e  a c t u a l  
v a l u e .  T h is  e r r o r  i n  power can be re d u c e d  by p r e - w h i t e n i n g  th e  t im e  s e r i e s  
p r i o r  t o  s p e c t r a l  a n a l y s i s .  More e f f o r t  in  m ethods f o r  p r e - w h i t e n i n g  such  
t im e  s e r i e s  as c o n s id e r e d  h e r e  s h o u ld  n o t  go u n rew a rd e d .
The MLM h a s  th e  a b i l i t y  t o  d i s c r i m i n a t e  be tw een  a s t o c h a s t i c  p r o c e s s  
( w h i te  n o i s e )  and th e  s i g n a l .  C o r r e l a t a b l e  n o i s e  a r i s i n g  from  s o u rc e  and 
c r u s t a l  e f f e c t s  w o u ld ,  how ever ,  be  c o n s id e r e d  as s i g n a l  by t h i s  t e c h n iq u e .
In  an a t t e m p t  to  remove c o r r e l a t e d  n o i s e ,  Homomorphic D e c o n v o lu t io n  was 
u se d .  I f  t h e  c o r r e l a t e d  n o i s e  a p p e a r s  as echos  o f  t h e  o r i g i n a l  w a v e l e t ,  
t h e s e  e ch o s  can be removed by th e  Homomorphic D e c o n v o lu t io n  t e c h n iq u e .
Such w a v e le t  m ix ing  i s  a f r e q u e n t  o c c u r r e n c e  on se ism o g ram s.  For c o m p le te n e s s ,  
how ever ,  a c om par ison  o f  t h e  Maximum L ik e l ih o o d  and Homomorphic D e c o n v o lu t io n  
m ethods a r e  made so t h a t  t h e  r e l a t i v e  d i f f e r e n c e s  be tw een  t h e  two t e c h n iq u e s  
can be e v a l u a t e d ,  T ab le  6 .1  i s  a t a b u l a t i o n  o f  t h e  exam ples  g iv e n  i n  t h i s
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c h a p t e r .  From t h i s  t a b l e  i t  can be s e e n  t h a t  t h e  Maximum L ik e l ih o o d  
t e c h n i q u e s  g e n e r a l l y  te n d s  to  g iv e  a s m a l l e r  e s t i m a t e  o f  t *  th a n  th e  
Homomorphic D e c o n v o lu t io n  t e c h n i q u e .  T h is  r e s u l t  i s  e x p e c t e d ,  as  p r e v i o u s l y  
d i s c u s s e d ,  when no p r e - w h i t e n i n g  i s  a p p l i e d  to  th e  t im e  s e r i e s  b e f o r e  MLM 
i s  com puted . F u r th e rm o re ,  i n s p e c t i o n  o f  T a b le  6 .1  r e v e a l s  t h a t  t h e  t*  
m easu rem en ts  o b t a in e d  by b o th  t e c h n iq u e s  a r e ,  in  g e n e r a l ,  w i t h i n  one 
s t a n d a r d  d e v i a t i o n  o f  t h e  mean from  each  o t h e r .  The c h o ic e  o f  w hich  method 
to  use  to  o b t a i n  t h e  b e s t  r e s u l t s  i s  n o t  c l e a r - c u t .  S in c e  i t  i s  known t h a t  
MLM r e s u l t s  in  a s m a l l e r  t *  th a n  a c t u a l l y  p r e s e n t  and t h a t  t h e  Homomorphic 
D e c o n v o lu t io n  te c h n iq u e  can be u sed  to  s e p a r a t e  s e i s m ic  w a v e l e t s  , t h e  
l a t t e r  w i l l  be  used  in  t h e  d e t e r m i n a t i o n  o f  t h e  t *  v a l u e s ,  and t h e s e  v a lu e s  
w i l l  be p r e s e n t e d  in  t h e  n e x t  c h a p t e r .
TABLE 6 .1
A Com parison Between t*  V a lues  O b ta in e d  Maximum L ik e l ih o o d  
and Homomorphic D e c o n v o lu t io n  Methods
Maximum L ik e l ih o o d Homomorphic D e c o n v o lu t io n
E vent No. t* S ta n d a rdD e v ia t i o n t *
S ta n d a r d
D e v ia t io n
3 0 .462 0 .0 6 3 0 .5 1 8 0 .099
15 0 .297 0 .0 5 2 0 .3 7 4 0 .052
24 0 .4 3 4 0 .0 6 6 0 .3 8 8 0 .0 4 1
32 0 .2 1 0 0 .0 5 6 0 .307 0 .0 4 1
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CHAPTER 7
LEAST SQUARES FITTING PROCEDURE FOR THE EVALUATION 
OF t* VALUES AND Q MODELS
7.1 Introduction
Thus far, the methods of determining t* values from power spectral 
estimates have been discussed. The least squares procedure used in this 
research is outlined in Subsection 7.1.1 along with a means of estimating 
the standard deviation of the mean. Subsection 7.1.2 demonstrates how t* 
estimates can be used to develop Q models for the mantle, using a comparison 
of the short period t* values with t* values calculated from free oscillation 
models. In order to construct a consistent Q model for both frequency bands, 
two Q models were considered, firstly a model of simple proportionality 
between the two frequency bands (Subsection 7.2.2), and secondly a model 
demonstrating the frequency dependence required to make the t* values between 
the two frequency bands consistent with one another (Subsection 7.2.3). The 
free oscillation model SL7 (Anderson and Hart, 1978) was used for this purpose. 
After making an estimate of the amount of frequency dependence from the two 
frequency bands, the consequences and implications of the results were
considered. These include Q to QD ratios, bulk Q (Q„), the Q ?s of ScP andOt p K
ScS phases, and phase velocity relationships. Since the only free oscillation 
model used up to this point was SL7, the last section of this chapter examines 
t* values calculated from other free oscillation models. In this way some 
judgement can be made as to which free oscillation Q model best satisfies the
short period data.
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7 . 1 . 1  t*  A pprox im ation  by L e a s t  S q u a res
As o u t l i n e d  in  th e  p r e v io u s  c h a p t e r ,  t h e  s p e c t r a  a f t e r  t h e  rem ova l  
o f  i n s t r u m e n t  and s o u rc e  r e s p o n s e s  w ere  f i t t e d  by a l e a s t  s q u a r e s  method in  
o r d e r  to  d e te r m in e  th e  a t t e n u a t i o n  f a c t o r  t * .  A b r i e f  summary o f  th e  l e a s t  
s q u a re s  p r o c e d u r e  used i s  g iv en  to  e n a b le  th e  r e a d e r  to  make c o m p a r iso n s  
be tw een  t*  d e te rm in e d  h e r e  and e s t i m a t e s  o b ta in e d  by o t h e r  i n v e s t i g a t o r s .
B ecause  th e  a t t e n u a t i o n  f u n c t i o n  i s  n o n - l i n e a r ,  e i t h e r  a l e a s t  s q u a r e s
method f o r  an a r b i t r a r y  f u n c t i o n  must be  a p p l i e d  o r  th e  a t t e n u a t i o n  f u n c t i o n
made l i n e a r  to  d e te r m in e  t*  v a lu e s  (B e v in g to n ,  1 9 6 9 ) .  L e a s t - s q u a r e s
te c h n iq u e s  f o r  a r b i t r a r y  f u n c t i o n s  a r e  d e te rm in e d  i n  p a ra m e te r  s p a c e  by
2
m in im iz in g  th e  r e d u c e d  C h i - s q u a r e  (x ) w i t h  r e s p e c t  to  e ach  p a ra m e te r  
s im u l t a n e o u s l y .  However, b e c a u s e  th e  a t t e n u a t i o n  f a c t o r  t*  i s  s m a l l  ( h ig h  Q ) , 
th e  c o r n e r  f re q u e n c y  b e lo n g in g  to  t h e  s o u rc e  s p e c t r a  i s  n o t  e x p e c te d  t o  s h i f t  
much from  th o s e  d e te rm in e d  from  t h e  power s p e c t r a .  T h e r e f o r e  o n ly  t h e  
i n t e r c e p t  v a lu e  and th e  t*  v a lu e  need  be e s t i m a t e d  by th e  l e a s t - s q u a r e s  m ethod. 
Upon rem ova l  o f  th e  s o u rc e  and in s t r u m e n t  r e s p o n s e  and assum ing  t h a t  th e  
c r u s t a l  r e s p o n s e ,  n o i s e ,  e t c .  have  been  m in im ised  by th e  s p e c t r a l  t e c h n i q u e ,  
th e  a d j u s t e d  power s p e c t ru m  can be made l i n e a r  by t a k i n g  t h e  n a t u r a l  l o g ­
a r i th m  o f  b o th  s i d e s  o f  E q u a t io n  3 . 3 ,  i . e .
Ln(P) = Ln(P ) -  U)t* o
o r  s im p ly 7 .1
P '  = P ’ -  wt* o
From t h i s  p o i n t ,  l i n e a r  l e a s t  s q u a r e s  r e g r e s s i o n  t e c h n i q u e s  can be em ployed.
In  o r d e r  t o  f i t  t h e  s p e c t r a l  d a t a  i n  t h e  p rim ed s y s te m , (E q u a t io n  7 .1 )  
i t  i s  n e c e s s a r y  to  a d j u s t  t h e  s t a n d a r d  d e v i a t i o n  o f  th e  m easured  power in  
th e  unprim ed s y s te m , so  t h a t  s m a l l  e r r o r s  i n  t h e  s m a l l e r  power v a l u e s  do n o t
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over emphasize the fitting interval. To compensate for this trend, the 
standard deviation derived in Equation 5.5 must be modified by taking the 
derivative of the primed system (Bevington, 1969). Therefore using G. and 
0^ as the standard deviations of the unprimed and primed systems respectively, 
the standard deviation in the primed system becomes
d(LnP.) Gi
7.2
Substituting the standard deviation given by Equation 5.5 into the above 
equation, the standard deviation in the primed system becomes
, P. / /M" 1
= -1------ = —  7.3
1 P. / F1
where again M is simply the number of channels in the stacked array.
At this point the attenuation part of the spectrum can be treated as 
a linear least-squares regression problem. The slope (t*) and the intercept 
value Pq can then be estimated. However, the standard deviation of slope 
and intercept will still be in the primed system, which must be evaluated 
in terms of the unprimed system. These standard deviations can be calculated 
in a similar manner to Equation 7.2; thus
and
d(LnP ) o
dPo
Go
dt*
dt*
Gt*
7.4
Therefore the standard deviation for the unprimed system becomes
109
simply
ö.Po o
and 7.5
ö
Examples of fitting by this procedure have already been demonstrated 
in Figures 6.7, 6.8, 6.9, 6.10, 6.13, 6.14, 6.15 and 6.16 in the previous 
chapter. In those figures, the displacement source response was replaced 
into the power spectrum (solid line) after the least-squares fit was made, 
and also into the fitting estimate (dashed line). Note the small curvature 
of the fitting line caused by the source response. This further demonstrates 
that the perturbation from the source function is small compared to the 
response due to attenuation. Using the above least-squares fitting procedure 
and the spectral techniques of the previous chapter, t* was determined for 
the P, S, PcP, ScP phases listed in Tables 2.2 and 2.3 and these are given 
in Tables 7.1 through 7.3. The intercept values are not given in these tables 
because they are of little interest, since they relate to the relative 
earthquake magnitudes and assumed frequency-independent reflection 
coefficients. However, the slownesses are included in these tables because 
of their importance to Q model determinations by ray tracing. The next 
section will discuss the methods used to obtain a Q model, making use of the 
parameters listed in the above tables.
7.1.2 Methods of Determining a Q Model Using Short Period t* Data
Direct inversion of the t* values given in Tables 7.1 through 7.3 is 
not possible because of the large variation between the individual estimates. 
Even with a larger data set these variations would lead to unacceptable Q
variations as a function of depth or distance. Variations of the slowness
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Table 7.1
t* E s t im a te s  and o t h e r  Paramete rs f o r  th e  P phase l i s t e d in  Table  2 .3
Event
No.
Ear thquake 
depth  (Km)
Exper imen tal  
t*  ( t* E)
S tanda rd
d e v i a t i o n
Slowness 
d t /  dA
Mid­
f requency  (Hz)
19 21.0 0.504255 0.045122 10.1 2.0625
33 49.0 0.309568 0.047339 8.0 2.2262
28 87.0 0.415544 0.042651 7.3 2.0726
9 118.0 0.333495 0.033891 7.9 2.0203
26 128.0 0.292967 0.050899 9.7 2.2500
29 184.0 0.327598 0.058580 8 .0 2.2763
22 190.0 0.517525 0.103872 8.6 1.3080
15 193.0 0.374027 0.051827 7.9 2.1774
6 199.0 0.207212 0.044313 9 .3 2.1317
25 254.0 0.336285 0.046317 9.7 2.1071
20 291.0 0.268660 0.048891 8.1 2.1246
31 309.0 0.298332 0.056589 8.0 2.3750
18 380.0 0.283126 0.147486 8.1 1.8056
24 405.0 0.387717 0.040889 7.5 1.7030
32 457.0 0.231542 0.056488 9 .0 2.2262
12 486.0 0.279109 0.029276 7.9 2.3750
10 489.0 0.301720 0.036668 7.9 2.1246
1 491.0 0.287148 0.037630 7.9 2.1200
23 505.0 0.231943 0.039433 7.5 2.0276
13 548.0 0.387990 0.039307 7.8 1.9881
7 551.0 0.378585 0.038066 8 .0 1.9951
4 556.0 0.369502 0.042428 8 .0 2.1020
34 599.0 0.307232 0.040538 7.7 2.1346
11 619.0 0.211618 0.040461 7.9 2.0530
t  21 67.0 0.543483 0.042149 2.1 1.8000
+ 28 87.0 0.308932 0.035945 3.6 2.1667
+ 29 184.0 0.584120 0.064747 3.3 1.4667
t  22 190.0 0.314123 0.036464 2.7 2.2500
t  24 405.0 0.528550 0.076939 3.6 1.7150
f  Denote PcP t*  v a l u e s .
I l l
Table  7.2
t* E s t im a te s  and o t h e r  Paramete rs f o r  th e  S phase  l i s t e d in  Table  2 .3
Event
No.
Ear thquake 
dep th  (Km)
Exper imenta l  
t* ( t * E)
S tanda rd
d e v i a t i o n
Slowness
dt/dA
Mid­
f requency  I
19 21.0 1.589342 0.526330 15.25 0.8403
33 49.0 1.491434 0.322310 15.05 0.8523
28 87 .0 0.886867 0.100048 13.9 1.1852
9 118.0 1.012252 0.177512 15.3 0.8852
26 128.0 1.011513 0.190172 17.4 1.0000
8 174.0 0.805721 0.095261 17.9 1.2184
15 193.0 1.173503 0.586307 15.4 1.0417
6 199.0 0.674110 0.147128 17.4 1.6250
25 254.0 0.709526 0.335466 14.15 0.8814
20 291.0 1.032204 0.097358 14.6 1.2000
31 309.0 1.322535 0.177516 14.55 0.8667
18 380.0 0.791570 0.154091 14.4 0.9798
24 405 .0 0.943249 0.370780 13.5 0.7898
32 457 .0 0.648858 0.237958 15.7 1.2454
12 486 .0 1.129739 0.291745 14.4 0.9833
10 489 .0 1.156290 0.230811 14.4 0.8814
1 491.0 0.899270 0.115726 14.4 1.2948
23 505.0 0.789395 0.200108 13.6 1.3296
4 526.0 0.789086 0.312251 14.6 0.9028
13 548.0 0.351320 0.047551 14.1 2.1667
7 551.0 1.154149 0.149355 14.4 1.3333
4 556.0 0.750327 0.128156 14.4 1.2278
16 563.0 0.472646 0.165795 14.25 1.6250
34 599.0 0.778556 0.160566 14.05 1.1278
11 619.0 0.646994 0.088684 14.2 1.4625
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T a b le  7 .3
t *  E s t i m a t e s  and o t h e r  P a r a m e t e r s f o r  t h e  ScP p h a s e  l i s t e d  i n  T a b le  2 .3
Event  E a r th q u a k e
No. d e p th  (Km)
E x p e r im e n t a l  
t*  ( t * E )
S t a n d a r d
d e v i a t i o n
S lowness  Mid-
d t /d A  f r e q u e n c y  (Hz)
19 21 .0 0 .515045 0.045331 2 .4 1 .9073
33 4 9 .0 0.947318 0.145742 4 .1 0 .9977
27 5 2 .0 0.651411 0.092237 3 .9 1 .3750
21 6 7 .0 1 .763864 0.495068 2 .8 0 .7500
28 8 7 .0 0.321741 0 .047729 4 .2 2 .2819
9 118 .0 0 .810995 0.111153 2 .9 1 .0500
26 12 8 .0 0.703538 0 .138896 2 .6 1 .3333
17 174 .0 0 .337299 0.062109 2 .8 1 .7917
29 184 .0 0 .522687 0.076328 4 . 0 1 .6875
15 193 .0 0 .732610 0.100093 3 .3 1 .3257
6 199 .0 0 .289196 0.041652 2 .9 2 .1 204
25 254 .0 0 .372902 0 .057263 2 .8 1 .9329
17 273 .0 1 .653767 0 .359954 3 .5 0 .7625
20 29 1 .0 0 .582009 0.092584 4 . 0 1 .3750
31 30 9 .0 1 .243477 0 .340632 4 . 0 0 .7708
18 38 0 .0 0 .352200 0 .049394 4 . 0 1 .9137
24 4 0 5 .0 0 .345236 0.054399 4 . 2 2 .0795
30 4 5 6 .0 0 .388630 0.046949 4 . 0 2 .0726
32 4 5 7 .0 0 .558518 0 .082837 2 .8 1 .6083
12 4 8 6 .0 0 .549954 0 .049338 4 . 0 1 .6022
10 4 8 9 .0 0 .758825 0.181495 4 . 0 1 .0441
1 4 9 1 .0 0 .868583 0.065665 4 . 0 1.5007
23 50 5 .0 0 .812580 0.185642 4 . 2 1 .0528
4 5 2 6 .0 0 .711875 0.107161 4 . 0 1 .2632
13 5 4 8 .0 0 .186453 0 .044266 4 .1 2 .1071
7 55 1 .0 0.571331 0.050289 4 . 0 1 .6674
4 55 6 .0 1 .033895 0.131079 4 . 0 1 .1500
16 5 6 3 .0 0 .558582 0.083014 4 . 0 1 .4583
2 5 8 3 .0 0 .842708 0.169251 4 . 0 1 .0528
34 5 9 9 .0 1 .053978 0.288605 4 .1 0 .8750
11 6 1 9 .0 0 .373230 0 .052760 4 . 0 2 .1250
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p a r a m e t e r  and d e p th  make an a v e r a g i n g  o f  t*  v a l u e s  i m p r a c t i c a l .  I n  o t h e r  
w o rd s ,  i t  would be d i f f i c u l t  t o  o b t a i n  s u f f i c i e n t  d a t a  w i t h  s i m i l a r  s l o w n e s s e s  
and d e p t h s  f o r  t h e  p u r p o s e  o f  a v e r a g i n g  t *  v a l u e s .
An a l t e r n a t i v e  t o  a d i r e c t  t*  i n v e r s i o n  i s  to  assume a Q model  
c o n s t r u c t e d  by o t h e r  a u t h o r s  u s i n g  f r e e  o s c i l l a t i o n  and s u r f a c e  wave d a t a  
(Anderson and H a r t ,  1 9 7 8 a ,b ;  S a i l o r  and D z ie w onsk i ,  1978) .  A f u n c t i o n a l  
r e l a t i o n s h i p  might  t hen  be  e x p e c t e d  t o  e x i s t  b e tw een  s h o r t  p e r i o d  t * ’s and 
t * ’s d e t e r m i n e d  from f r e e  o s c i l l a t i o n  and s u r f a c e  wave Q m odels .  Such a 
r e l a t i o n s h i p  may or  may n o t  be  a f u n c t i o n  o f  f r e q u e n c y .  T h i s  f u n c t i o n  a t  
t h e  p r e s e n t  t im e  w i l l  be s im p ly  termed  f ( w ) .  With t h i s  f u n c t i o n  f (ü ) ) ,  an 
e q u a t i o n  can be  w r i t t e n  f o r  a Q model  h a v i n g  j  = 1 ,  . . . ,  N l a y e r s
t h e  t o t a l  t*  v a l u e  c a l c u l a t e d  from a f r e e  o s c i l l a t i o n  Q model  f o r  a g iven
Mr a y  p a t h .  The f a c t o r s  c o n t r o l l i n g  t h e  t*  i n  t h e  above e q u a t i o n  a r e  t h e
s l o w n e s s ,  t h e  d e p th  o f  t h e  e v e n t  and t h e  v e l o c i t y  model  used  to  d e t e r m i n e
t h e  t r a v e l  t i m e s .  I n  t h i s  c a s e  a l l  l a y e r s  t h ro u g h  which  t h e  r a y  p a t h  does
Mn o t  p a s s  w i l l  have  z e ro  c o n t r i b u t i o n  to  t h e  t*  v a l u e .  I f  E q u a t i o n  7 .6  i s
a p p l i e d  to  ea ch  o f  t h e  e x p e r i m e n t a l  t*  d e t e r m i n a t i o n s ,  an e s t i m a t e  f o r  t h e
p a r a m e t e r s  i n  f(oo) can be  d e t e r m i n e d  i n  a l e a s t - s q u a r e s  s e n s e .  Methods f o r
l e a s t - s q u a r e s  f i t t i n g  t o  an a r b i t r a r y  f u n c t i o n  a r e  a v a i l a b l e  f o r  t h e
p u r p o s e  o f  d e t e r m i n i n g  f(oo) i n  t e rm s  o f  t h e  e x p e r i m e n t a l  t *  v a l u e s  and
t h e  t*  v a l u e s  c a l c u l a t e d  from a Q model ( B e v i n g t o n ,  1969) .  The l e a p t  s q u a r e s
method d e s c r i b e d  h e r e  f i n d s  t h e  opt imum v a l u e s  o f  t h e  p a r a m e t e r s  a^ c o n t a i n e d
2
i n  t h e  f u n c t i o n  f(w) by m i n i m i s i n g  t h e  r educ e d  X w i t h  r e s p e c t  to  each  o f
t* E £ (io) Z t * M 
J - l  3
7 . 6
E
where t*  i s  t h e  e x p e r i m e n t a l l y  d e t e r m i n e d  t*  o f  t h i s  s t u d y  and
t h e  p a r a m e t e r s  s i m u l t a n e o u s l y
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3x'
9 a . G .
1  !
£ — 2 y^ i  " y  ( x i ^ 7 .7
H ere  y_^  = f (o o ) t* ^ ,  y (x ^ )  = f (u ) ) t* ^  and G ^  i s  t h e  v a r i a n c e  o f  t h e  m easured
t*  v a l u e s .  In  g e n e r a l  th e  a n a l y t i c a l  e x p r e s s i o n  f o r  d e r i v a t i v e  o f  th e
f u n c t i o n  w i t h  r e s p e c t  to  th e  p a ra m e te r s  a^ a r e  n o t  e a s i l y  d e te r m in e d .  I t  i s
2
t h e r e f o r e  n e c e s s a r y  to  s e a r c h  f o r  th e  minimum red u c e d  x f o r  t h e  n
p a ra m e te r s  a^ on an n - d im e n s io n a l  h y p e r s u r f a c e  to  f i n d  t h e  a p p r o p r i a t e
2
minimum v a lu e s  o f  th e  red u c e d  X • However, t h e  u se  o f  a n o n - a n a l y t i c a l  
d e r i v a t i v e  can r e s u l t  in  th e  o c c u r r e n c e  o f  l o c a l  minima on th e  h y p e r s u r f a c e  
w hich  may n o t  be  th e  a b s o lu t e  minimum o f  t h e  f u n c t i o n  b e in g  d e te r m in e d .  In  
t h e  n e x t  two s e c t i o n s  th e  a n a l y t i c a l  d e r i v a t i v e s  o f  th e  f u n c t i o n  f(oo) w i l l  
be  used t o  re d u c e  th e  p o s s i b i l i t y  o f  l o c a l  minima on th e  h y p e r s u r f a c e ,  
t h e r e b y  o b t a i n i n g  th e  b e s t  e s t i m a t e  o f  t h e  v a lu e s  o f  t h e  p a r a m e te r s  a^ 
c o n ta in e d  i n  f  (to) .
Four l e a s t  s q u a re s  t e c h n iq u e s  f o r  an a r b i t r a r y  f u n c t i o n  a r e  d e s c r i b e d  
i n  th e  book by B ev in g to n  (1 9 6 9 ) .  Of t h e s e  m eth o d s ,  t h e  most commonly used 
t e c h n iq u e  i s  a g r a d i e n t - e x p a n s i o n  a lg o r i t h m  w hich  t a k e s  a d v a n ta g e  o f  th e  
b e s t  f e a t u r e s  o f  th e  o th e r  t h r e e  m ethods .  Fewer i t e r a t i o n s  a r e  n e c e s s a r y  
to  d e te r m in e  th e  p a ra m e te r  a by t h e  g r a d i e n t - e x p a n s i o n  m ethod.
7 .2  Q Models f o r  th e  M antle
7 . 2 . 1  P r e l i m i n a r y  P a ra m e te r s
In  o r d e r  to  compare th e  e x p e r im e n ta l  t*  v a lu e s  g iv en  i n  T a b le s  7 .1  
th ro u g h  7 .3  u s in g  th e  l e a s t - s q u a r e s  p r o c e d u r e  d e s c r i b e d  i n  t h e  p r e v io u s  
s e c t i o n ,  Q and v e l o c i t y  m odels f o r  P and S s e i s m ic  p h a s e s  must be
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i n c o r p o r a t e d .  F i r s t l y ,  t h e  v e l o c i t y  model chosen  f o r  t h i s  p u r p o s e  i s  t h e  
P a r a m e t r i c  E a r t h  Model (PEM) g iven  by D z ie w o n s k i ,  Ha le s  and Lapwood ( 1 975 ) .
The r e s u l t i n g  t r a v e l  t im e  e r r o r  i n t r o d u c e d  by t h i s  v e l o c i t y  model  i s  
c o n s i d e r e d  to  be much s m a l l e r  t han  t h e  e r r o r  i n c u r r e d  w i t h  a v a i l a b l e  Q d a t a .  
T h e r e f o r e  i t  i s  u n n e c e s s a r y  t o  s e ek  a v e l o c i t y  model  which  may r e s u l t  i n  
a r e d u c t i o n  o f  t h e  t r a v e l  t im e  e r r o r .  S e c o n d ly ,  t h e  Q model  chosen  f o r  
co m p a r i so n  w i t h  t h e  e x p e r i m e n t a l  t*  v a l u e s  o f  t h i s  work i s  A n d e r s o n ' s  SL7 Q 
model  (Anderson and H a r t ,  1978b ) .  The c h o i c e  o f  t h i s  Q model  was c o m p l e t e l y  
a r b i t r a r y  and r e s u l t s  o b t a i n e d  a r e  compared w i t h  t h o s e  from o t h e r  models  l a t e r  
i n  t h e  c h a p t e r .  Both t h e  Q and v e l o c i t y  models  j u s t  d i s c u s s e d  f o r  l o n g i t u d i n a l  
and s h e a r  waves a r e  g iv en  i n  T a b le  7 . 4 .
7 . 2 . 2  F u n c t i o n a l  R e l a t i o n s h i p s  o f  P and S P h a s e s  (Q Model 1)
For t h e  f i r s t  model ,  Q Model 1,  t h e  f r e q u e n c y  dependence  o f  Q i s  n o t  
s p e c i f i c a l l y  c o n s i d e r e d .  Tha t  i s ,  t h e  t*  v a l u e s  d e r i v e d  from t h e  f r e e  
o s c i l l a t i o n  Q model  (SL7) a r e  assumed to  have  a s im p l e  p r o p o r t i o n a l i t y  t o  t h e  
v a l u e s  o f  t *  e s t i m a t e d  i n  t h e  s h o r t  p e r i o d  r a n g e .  T h e r e f o r e ,  making use  o f  
E q u a t i o n  7 . 6 ,
f(03) = j  7 . 8
P i
where  A i s  a c o n s t a n t  o f  p r o p o r t i o n a l i t y  be tw een  t h e  f r e e  o s c i l l a t i o n  and 
s h o r t  p e r i o d  t*  e s t i m a t e s .
T a b le  7 . 5  and 7 . 6  a r e  t h e  r e s u l t s  o f  t h e  l e a s t - s q u a r e s  f i t  u s i n g  th e  
f i t  f u n c t i o n  j u s t  d e s c r i b e d  f o r  P and S p h a s e s  r e s p e c t i v e l y .
E x a m in a t io n  o f  t h e s e  t a b l e s  i n d i c a t e  t h a t  f o r  P and PcP t h e  t*  v a l u e s  
o b t a i n e d  h e r e  must be 2 . 44  ± 0 .01  t im e s  g r e a t e r  t h a n  t h e  t*  v a l u e s  o b t a i n e d  
from t h e  SL7 model .  F u r t h e r m o r e ,  t h e  t*  v a l u e s  o b t a i n e d  f o r  SL7 model
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Table  7 .4
Q u a l i t y  F a c to rs  and V e l o c i t y  Models
V e lo c i ty  model a f t e r  Dziewonsky e t  a l ., (1975) 
++ Q model SL7 a f t e r  Anderson and Hart,  (1978)
Depth 
(Km)
V e l o c i t i e s Q u a l i t y  F a c to r s
Qa ^8
0.0 5.8 3.45 1242.22 500.0
5.5 6.5 3.75 1244.11 500.0
11.0 6.5 3.75 1047.31 500.0
45.20 8.02 4.69 240.20 110.0
79.37 8.02 4.69 207.14 90.0
113.53 8.02 4.69 218.50 90.0
147.70 7.84750 4.4586 265.92 105.0
181.86 7.84750 4.4586 273.85 105.0
250.19 8.34835 4.4732 282.06 105.0
318.52 8.59017 4.6005 280.41 105.0
352.68 8.71100 4.6641 277.89 105.0
386.84 8.83184 4.7277 275.19 105.0
421.00 9.55633 5.05333 285.61 110.0
462.69 9.63691 5.12333 515.20 200.0
504.35 9.71743 5.19328 511.56 200.0
546.02 9.79798 5.26325 507.94 200.0
587.68 9.87850 5.33320 504.18 200.0
629.34 9.95902 5.40315 499.63 200.0
671.00 10.92971 6.11522 578.62 235.0
757.07 11.07309 6.18223 680.00 280.0
843.99 11.21443 6.24727 771.19 320.0
930.91 11.35237 6.30974 852.04 355.0
1017.84 11.48702 6.36975 925.11 385.0
1104.76 11.61839 6.42739 931.93 385.0
1191.68 11.74666 6.48274 941.71 385.0
1278.60 11.87183 6.53592 951.49 385.0
1365.52 11.99401 6.58701 959.93 385.0
1452.45 12.11330 6.63612 967.10 385.0
1539.37 12.22974 6.68333 973.45 385.0
1626.29 12.34343 6.72873 979.08 385.0
1713.21 12.45446 6.77244 983.57 385.0
1800.13 12.56289 6.81453 1326.86 518.0
1887.06 12.66892 6.85512 1362.99 532.0
1973.98 12.77235 6.89428 1397.09 546.0
2060.90 12.87351 6.93212 1432.49 560.0
2147.82 12.97241 6.96873 1456.86 568.0
2234.74 13.06912 7.00421 1486.98 576.0
2321.67 13.16375 7.03866 1522.30 584.0
2408.59 13.25634 7.07216 1560.92 592.0
2495.52 13.34701 7.10431 1599.26 600.0
2582.45 13.42297 7.13672 1633.42 608.0
2669.38 13.52283 7.16797 1661.64 616.0
2758.30 13.60815 7.19866 1079.53 400.0
2843.24 13.69187 7.22889 268.99 100.0
2885.0 13.732 7.22889 268.99 100.0
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Table  7.5
The Leas t  Squares F i t  f o r  th e  P r o p o r t i o n a l i t y  Cons tan t  A (Q Model 1) 
u s in g  Free O s c i l l a t i o n  Model SL7 (Anderson and H a r t ,  1978)
P Phase
X2 = 3.361741
Ear thquake 
depth (Km)
t * E
(sec)
S tandard
d e v i a t i o n
t * M/f (w )
(sec)
F M
t * c - t * M/f (w )
(sec)
21.0 0.504255 0.045122 0.428245 0.076010
49.0 0.309568 0.047339 0.407118 -0.097550
87.0 0.415544 0.042651 0.411669 0.003875
118.0 0.333495 0.033891 0.389431 -0.055936
128.0 0.292967 0.050899 0.325971 -0.033004
184.0 0.327598 0.058580 0.369652 -0.042054
190.0 0.517525 0.103872 0.359602 0.157923
193.. 0 0.374027 0.051827 0.371396 0.002631
199.0 0.207212 0.044313 0.282665 -0.075453
254.0 0.336285 0.046317 0.286860 0.049425
291.0 0.268660 0.048891 0.352725 -0.084065
309.0 0.298332 0.056589 0.353881 -0.055549
380.0 0.283126 0.147486 0.329671 -0.046545
405.0 0.387717 0.040889 0.335280 0.052437
457 .0 0.231542 0.056488 0.261875 -0.030333
486 .0 0.279109 0.029276 0.208567 -0.029458
489.0 0.301720 0.036668 0.308567 -0.006847
491.0 0.287148 0.037630 0.308567 -0.021419
505.0 0.231943 0.039433 0.314403 -0.082460
548.0 0.387990 0.039307 0.301007 0.086983
556.0 0.369502 0.042428 0.295701 0.073801
599.0 0.307232 0.040538 0.298649 0.008583
619.0 0.211618 0.040461 0.292913 -0.081295
67.0 0.543483 0.042149 0.339759 0.203724
87.0 0.308932 0.035945 0.359918 -0.050986
184.0 0.584120 0.064747 0.328074 0.256046
190.0 0.314123 0.036464 0.316691 -0.002568
405.0 0.528550 0.076939 0.298452 0.230098
A = 2.443378 ± 0.006068
f ( oj) i s  d e f in e d  by Equat ion 7 .8  in  t e x t .
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Table 7 .6
The Leas t  Squares F i t  f o r  th e  P r o p o r t i o n a l i t y  Cons tan t  A (Q Model 1) 
u s in g  Free O s c i l l a t i o n  Model SL7 (Anderson and H a r t ,  1978)
S Phase
X2 = 1.464982
Ear thquake 
depth  (Km)
t *E
(sec)
S tandard
d e v i a t i o n
t * M/f (w )
(sec)
t * E - t * M/f(u)) 
(sec)
21.0 1.589342 0.526330 1.072518 0.516824
49.0 1.491434 0.322310 1.080393 0.411041
67.0 0.914603 0.134049 0.912981 0.000622
87.0 0.885225 0.101930 1.080400 -0.195175
118.0 1.012252 0.177512 1.017786 -0.005534
128.0 1.240804 0.167715 0.850253 0.390551
174.0 0.805721 0.095261 0.850785 -0.045064
193.0 1.173503 0.586307 0.964058 0.209445
199.0 0.674119 0.147128 0.778852 -0.104742
254.0 0.709526 0.335466 0.967606 -0.258080
291.0 1.032204 0.097358 0.951420 0.080784
309.0 1.322535 0.177516 0.952497 0.370038
380.0 0.763378 0.175118 0.887707 -0.124329
405.0 0.943249 0.370780 0.913863 0.029386
458.0 0.648858 0.237958 0.771316 -0.122458
486.0 1.129739 0.291745 0.821933 0.307806
489.0 1.156290 0.230811 0.821933 0.334357
491.0 0.899270 0.115726 0.821933 0.077337
505.0 0.789395 0.200108 0.849499 -0.060104
526.0 0.789086 0.312251 0.800573 -0.011487
551.0 1.154149 0.149355 0.793556 0.360593
556.0 0.750327 0.128156 0.793556 -0.043229
563.0 0.472646 0.165795 0.801162 -0.328516
599.0 0.778556 0.160566 0.797490 -0.018934
619.0 0.646994 0.088684 0.789639 -0.142645
A = 4.140477 ± 0.145615
f(o)) i s  d e f in e d  by E qua t ion  7.,8 in  t e x t .
119
S p h a s e s  must  be 4 .1 4  ± 0 .1 5  g r e a t e r  t han  i n  t h i s  work .  T h e r e f o r e ,  assuming 
t h a t  SL7 model  i s  a p p r o x i m a t e l y  c o r r e c t  f o r  f r e e  o s c i l l a t i o n  d a t a ,  t h e  Q ' s  
a t  t h e  s h o r t  p e r i o d s  a r e  much h i g h e r ;  ( 2 .4 4  t im es  f o r  P p h a s e  Q ' s  and 4 .1 4  
t im es  f o r  S phase  Q ' s ) .  Hence the  c o n c l u s i o n  must  be r e a c h e d  t h a t  Q i s  
f r e q u e n c y  d e p e n d e n t ,  as  w i l l  be e x p l o r e d  i n  t h e  n e x t  s e c t i o n .
7 . 2 . 3  F r equency -D ependen t  F u n c t i o n a l  R e l a t i o n s h i p  o f  Q and Qn (Q Model 2)------------ --------  ß  ----i ------------------------
I f  t *  e s t i m a t e s  o f  t h i s  s t u d y  a r e  p l o t t e d  a g a i n s t  t h e  m i d - f r e q u e n c i e s  
o f  t h e  s p e c t r a l  e s t i m a t e s  f o r  t*  t hey  i n d i c a t e  an a s y m p t o t i c  t r e n d ,  o r  
e q u i v a l e n t l y  a l i n e a r  t r e n d  i n  Q ( F i g u r e s  7 . 1  t h ro u g h  7 . 3 ) .  Th is  t r e n d  i s  
c o n s i s t e n t  i n  a l l  t h e s e  f i g u r e s :  a d e c r e a s e  o f  t h e  t *  e s t i m a t e  w i t h  f r e q u e n c y ,
i m p l y i n g  an i n c r e a s e  o f  Q w i t h  f r e q u e n c y .  F u r t h e r m o r e ,  t h e  e f f e c t  o f  t h e  
f r e q u e n c y  dependence  i s  a f i r s t  o r d e r  e f f e c t ,  w h e re as  t h e  e f f e c t s  o f  d i s t a n c e  
and d e p t h  o f  t h e  r a y  p a t h  a r e  on ly  second  o r d e r .
A s u r v e y  o f  t h e  l i t e r a t u r e  s u p p o r t s  t h e  c o n c l u s i o n  h e r e  t h a t  Q i s  
f r e q u e n c y  d e p e n d e n t .  Yosh ida  and T s u j i u r a  (1975)  found s h e a r  Q ' s  f o r  t h e  
uppe r  600 km o f  t h e  e a r t h  o f  150,  220 and 260 f o r  t h e  f r e q u e n c y  r a n g e s  
0 . 0 1 5 - 0 . 0 3 5 ,  0 . 0 3 5 - 0 . 0 9 5  and 0 . 3 0 - 0 . 8 0  Hz, wh ich  d e m o n s t r a t e s  an i n c r e a s e  
i n  Q w i t h  i n c r e a s i n g  f r e q u e n c y .  Archambeau e t  a l ., (1969)  a l s o  s u g g e s t  an 
i n c r e a s e  i n  Q w i t h  i n c r e a s e  i n  f r e q u e n c y  from o b s e r v a t i o n s  o f  t h e  d i f f e r e n t i a l  
a t t e n u a t i o n  o f  P p h a s e s  f rom the  S hoa l  e x p l o s i o n  i n  two f r e q u e n c y  bands  
0 . 7 5 - 1 . 0  Hz and 1 . 0 - 1 . 5  Hz. In  t h e  c o u r s e  o f  t h e i r  t r a v e l  t im e  s t u d i e s ,  t hey  
dev e lo p e d  a Q model  t o  e x p l a i n  the  o b s e rv e d  a m p l i t u d e s  o f  t h e  P p h a s e s .
However , l i t t l e  o r  no a t t e n t i o n  was g iven  t o  t h e  a c t u a l  f r e q u e n c y  dependence .  
S i p k i n  and J o r d a n  (1979)  d e t e r m i n e d  t h e  Q f o r  ScS (Q ) p h a s e  as  b e i n g
u C u
156 ± 13 f o r  t h e  f r e q u e n c y  r a n g e  o f  0 . 0 0 6 - 0 . 0 7  Hz. They a l s o  found t h a t
Q_ _ i n c r e a s e d  w i t h  f r e q u e n c y  f o r  t h e s e  s e i s m i c  p h a s e s .  For  t h e  f r e q u e n c y  ScS
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Figure 7.1 Illustration of the correlation between the t* and the -------  a
mid-frequency of the spectral fitting interval. Standard deviations of 
the mean for these t* values are given in Table 7.1.
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Figure 7.2 Illustration of the correlation between the t* and theP
mid-frequency of the spectral fitting interval. Standard deviations of
the mean for these t* values are given in Table 7.2.
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FREQUENCY (HZ)
Figure 7.3 Illustration of the correlation between the t* and the
mid-frequency of the spectral fitting interval. Standard deviations 
of the mean for these t* values are given in Table 7.3.
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r a n g e  o f  1 . 0 - 2 . 5  Hz they  g e t  a Q o f  be tw een  £00 and 750 d e p e n d in g  upon
u C u
t h e  c h o i c e  o f  c o m e r  f r e q u e n c y .  However ,  i t  i s  c l e a r  t h a t  an i n c r e a s e  o f  Q 
w i t h  f r e q u e n c y  i s  p r e s e n t .  F u r t h e r  e v id e n c e  f o r  h i g h  Qa  v a l u e s  ( sm a l l  t*  v a l u e s )  
m easu red  i n  t h e  s h o r t  p e r i o d  range  a r e  g i v e n  by Der and M c E l f r e s h ,  (1977) .
The e x a c t  r e l a t i o n s h i p  be tw een  Q and f r e q u e n c y  i s  f a r  f rom c l e a r .
Many p h e n o m e n o lo g ic a l  and m e c h a n i s t i c  models  have been  p ro p o se d  ( S t r i c k ,
1967; F u t t e r m a n ,  1962; J a c k s o n ,  1969;  J a c k s o n  and A nderson ,  1970) which  
may o r  may n o t  c o r r e s p o n d  t o  c o n d i t i o n s  i n  t h e  e a r t h ' s  i n t e r i o r .  E x p e r im e n t a l  
e v i d e n c e  f a v o u r i n g  one p a r t i c u l a r  mechanism o r  group o f  mechanisms i s  n o t  y e t  
a v a i l a b l e .  Even e m p i r i c a l  r e l a t i o n s h i p s  be tw een  Q and f r e q u e n c y  have  n o t  
been  s a t i s f a c t o r i l y  d e t e r m i n e d .  Such e m p i r i c a l  r e l a t i o n s h i p s  c o u ld  l e a d  to  
i n s i g h t  i n t o  p o s s i b l e  p h y s i c a l  Q mechanisms o p e r a t i n g  i n  t h e  e a r t h .  The 
d e r i v a t i o n  o f  an e m p i r i c a l  r e l a t i o n s h i p  be tw een  Q and f r e q u e n c y  w i l l  be  t h e  
p u r p o s e  o f  t h i s  s e c t i o n .
Making t h e  a s su m p t io n  t h a t  t h e  a p p a r e n t  Q (Q ) f o r  a g iven  r a y  p a t hApp
can be  e x p r e s s e d  as a p o l y n o m i a l  i n  te rms  o f  t h e  a n g u l a r  f r e q u e n c y  to, t h e  
p o l y n o m i a l  becomes
V  = Y0 + Y ^ + y 2“ 2 + • ••  + Y r / 7 .9
where t h e  y ’s a r e  r e l a t e d  t o  t h e  sum o f  t h e  r e l a x a t i o n  t im e s  o f  t h e  m a t e r i a l  
t h ro u g h  which  t h e  r a y  p a s s e s .  In  t h e  above e q u a t i o n ,  as  to a p p ro a c h e s  z e r o ,  
t h e  i n i t i a l  v a l u e  o f  Q a p p ro a c h e s  Yq , i . e .  Qq = Y . The above e q u a t i o n  can 
thus  be r e w r i t t e n  as
2
Q (1 + T to + T to + o 1 2
where 7 .1 0
T f o r  i  = 1, 2 ,  . . . , n
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It remains to decide how many terms to use in the above polynomial.
On the basis of the evidence presented in the beginning of this 
section, it is assumed that Q is linearly frequency dependent for the crust 
and mantle. Equation 7.10 then becomes
Q. = Q (1 + TO)) . 7.11App o
In the solution of the wave equation the absorption coefficient k(oo) becomes
0 )k (w) = --------
vQ (1 + too) o
where v is the wave velocity. This absorption coefficient can be coupled with 
phase velocity satisfying the requirements of causality (Kalinin et al., 1967)
Bearing in mind the justification presented above for the use of
Equation 7.11 as a reasonable Q function, a function f(o)) must be developed
E Mfor the comparison between the experimental t* and the t* of Anderson's SL7 
model. This relationship, to be used in Equation 7.6 forms the basis of Q 
Model 2, and is
(1 + TO) )
f(u) = ---------  7.12
(1 + To))
where is taken to be 2tt/200 radians/sec, the mid-frequency range for the 
free oscillation data. Also, oo in the mid-frequency range of the observed
E
t* is as given in Tables 7.1 through 7.3.
Again applying the least squares technique of Section 7.1.2 using 
f(a)) given in Equation 7.12, then T for the P phase (t ) and for the S
phase (t d) are calculated to be 0.11 ± 0.005 and 0.46 ± 0.02 respectively.p
E
The P phase least-squares fit of t* for Q Model 1 (Table 7.5) compared 
with that of Q Model 2 (Table 7.7) indicates that the fitting function in
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Table 7.7
The Least  Squares  F i t  f o r  Ta (Q Model 2) u s in g  Free 
O s c i l l a t i o n  Model SL7 (Anderson and H a r t ,  1978)
P Phase
X2 = 2.400248
Ear thquake
Et* Standard t * M/f(to) t * E - t * M/f(u))
depth  (Km) (sec) d e v i a t i o n (sec) (sec)
21.0
49 .0
87.0  
118.0 
128.0
184.0
190.0
193.0
199.0
254.0
291.0
309.0
380.0
405.0
457.0
486 .0
489 .0
491.0
505.0
548.0
551.0
556.0
599.0
619.0 
+ 67.0
+ 87 .0
+ 184.0 
+ 190.0 
+ 405.0
0.504255
0.309568
0.415544
0.333495
0.292967
0.327598
0.517525
0.374027
0.207212
0.336285
0.268660
0.298332
0.283126
0.387717
0.231542
0.279109
0.301720
0.287148
0.231943
0.387990
0.378585
0.369502
0.307232
0.211618
0.543483
0.308932
0.584120
0.314123
0.528550
0.045122 
0.047339 
0.042651 
0.033891 
0.050899 
0.058580 
0.103872 
0.051827 
0.044313 
0.046317 
0.048891 
0.056589 
0.147486 
0.040889 
0.056488 
0.029276 
0.036668 
0.037630 
0.039433 
0.039307 
0.038066 
0.042428 
0.040538 
0.040461 
0.042149 
0.035945 
0.064747 
0.036464 
0.076939
0.432473
0.392803
0.414542
0.398066
0.312483
0.351852
0.462699
0.363165
0.279932
0.286052
0.349033
0.328136
0.359242
0.377260
0.252667
0.286118
0.306192
0.306587
0.320701
0.310568
0.304472
0.295295
0.295521
0.296609
0.382338
0.368359
0.415865
0.314743
0.352123
0.071782
-0.083235
0.001002
-0 .064571
-0.019516
-0.024254
0.054826
0.010862
-0.072720
0.050233
-0.080373
-0.029804
-0.076116
0.010457
-0.021125
-0.007009
-0.004472
-0.019439
-0.088758
0.077422
0.074113
0.074207
0.011711
-0.084991
0.161145
-0.059427
0.168255
-0.000620
0.176427
Ta  = 0.110182 ± 0.004555 ( s e c ) .
f(w) i s  d e f in e d  by Equat ion  7.12 in  t e x t .
+ Denotes PcP t*  v a l u e s .
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E Mt h e  l a t t e r  c a s e  i s  more a p p r o p r i a t e .  The d i f f e r e n c e  be tw een  t *  and t *  i s
much s m a l l e r  i n  Q Model 2 t h a n  i n  Q Model 1.  The same c o m pa r i son  i s  made
be tw een  t h e  S pha se  Q Model 1 (T a b le  7 .6 )  and S p h a s e  Q Model 2 (T a b le  7 . 8 ) .
I n  t h i s  c a s e  t h e  f r e q u e n c y  dependence  i s  even more o b v i o u s .  The d i f f e r e n c e s  
E M
be tw een  t*  and t*  a r e  much s m a l l e r  i n  Q Model 2 t h a n  i n  Q Model 1.
The f r e q u e n c y  dependence  o f  Q f o r  t h e  P and S p h a s e s  i s  d e m o n s t r a t e d  
p i c t o r i a l l y  i n  F i g u r e  7 . 4 .  Note t h a t  t h e  o r d i n a t e  a x i s  i s  i n  t e rm s  o f  
QApp /Qoß where  i s  t h e  a p p a r e n t  z e ro  s h e a r  f r e q u e n c y  Q f o r  b o t h  P and S mod­
e l s .  The r e a s o n  i s  t h a t  Qoß v a r i e s  w i t h  t h e  r a y  p a t h .  Depth ,  d i s t a n c e ,  and 
p o s s i b l y  s t a t i o n  c o r r e c t i o n s  must  be a p p l i e d ,  which i n  t u r n  a r e  r e l a t e d
t o  p r e s s u r e ,  t e m p e r a t u r e ,  v i s c o s i t y ,  e l a s t i c i t y ,  e t c . ,  b e f o r e  t h e  Q. a t
App
t h e  d e s i r e d  f r e q u e n c y  can  be d e t e r m i n e d  f o r  each  r a y  p a t h .  A f u r t h e r  
c o r r e c t i o n  can  a l s o  be  a p p l i e d  t o  t h e  SL7 model  used  f o r  t h e  c om pa r i son  o f  
t h e  d e r i v e d  and o b s e rv e d  t * s . S in c e  i t  was assumed t h a t  t h e  m i d - a n g u l a r  
f r e q u e n c y  r a n g e  f o r  t h e  SL7 model  was 2n /200  r a d i a n  s e c  ^ , t h e  a p p a r e n t  
Qq f o r  e ach  l a y e r  w i l l  c a u s e  a r e d u c t i o n  o f  3.0% and 1.4% f o r  P and S 
p h a s e s  r e s p e c t i v e l y  from t h o s e  g iven  i n  T a b le  7 . 4 .  Care must be  e x e r c i s e d ,  
however ,  i n  e x t e n d i n g  t h e  Q model  beyond t h e  f r e q u e n c y  r a n g e  s p e c i f i e d  by 
t h e  assumed f r e e  o s c i l l a t i o n  model and t h e  s h o r t  p e r i o d  t*  e s t i m a t e s  i n  t h i s  
t h e s i s .
7 . 2 . 3 . 1  The R e l a t i o n s h i p  Between and
As m ent ioned  i n  t h e  p r e v i o u s  s e c t i o n ,  a f r e q u e n c y  dependence  o f  Q 
has  been  s u g g e s t e d  e a r l i e r  by o t h e r  i n v e s t i g a t o r s ,  b a s e d  on t h e  v a r i a t i o n  
o f  t h e  r a t i o  o f  Q^/Q^ w i t h  i n c r e a s i n g  f r e q u e n c y .  Q Model 2 a c c o u n t s  f o r  
t h i s  d i s c r e p a n c y  i n  Q^/Q^, when E q u a t io n  7 .1 1  f o r  and i s  w r i t t e n  i n
th e  form
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Table  7 .8
The Least  Squares  F i t  f o r  Tg (Q Model 2) u s in g  Free 
O s c i l l a t i o n  Model SL7 (Anderson and H a r t ,  1978)
S Phase
x 2 = 1.314070 
Earthquake
E
t* Standard
Mt *  / f (w ) t * E - t * M/f((ü)
dep th  (Km) (sec) d e v i a t i o n (sec) (sec)
21.0 1.589342 0.526330 1.306630 0.282712
49 .0 1.491434 0.322310 1.303024 0.188410
87.0 0.886867 0.100048 1.030734 -0.143867
118.0 1.012252 0.177512 1.194610 -0.182358
128.0 1.011513 0.190172 0.894676 0.116837
174.0 0.805721 0.095261 0.785529 0.020192
193.0 1.173503 0.586307 1.003702 0.169801
199.0 0.674110 0.147128 0.570558 0.103552
254.0 0.709526 0.335466 1.139226 -0.429700
291.0 1.032204 0.097358 0.888918 0.143286
309.0 1.322535 0.177516 1.135100 0.187435
380.0 0.791570 0.154091 0.971173 -0.179603
405 .0 0.943249 0.370780 1.162946 -0.219697
457.0 0.648858 0.237958 0.700051 -0.051193
486.0 1.129739 0.291745 0.893387 0.236352
489.0 1.156290 0.230811 0.967725 0.188565
491.0 0.899270 0.115726 0.723494 0.175776
505.0 0.789395 0.200108 0.732225 0.057170
526.0 0.789086 0.312251 0.926387 -0.137301
548.0 0.351320 0.047551 0.464713 -0.113393
551.0 1.154149 0.149355 0.682475 0.471674
556.0 0.750327 0.128156 0.728305 0.022022
563.0 0.472646 0.165795 0.586902 -0.114256
599.0 0.778556 0.160566 0.781682 -0.003126
619.0 0.646994 0.088684 0.630517 0.016477
Tg = 0.463692 ± 0.015167 ( s e c ) .
f ( oj) i s  d e f in e d  by Equa tion 7.12  in  t e x t .
an
d
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Figure 7.4 Illustration of the apparent trend of Q^pp/Qß0 f°r P and S 
seismic phases, as predicted from free oscillation and short-period 
body wave data.
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, (1 + T (A))-1 _____ a
(1 + t^ oo) 7.13
where and are the respective constants for P and S phases as given in 
the previous section. L  ^ is the to ratio at the apparent zero 
frequency where attenuation is assumed to occur in shear, therefore
-1 Qa[— ]V
3 a 2
4 V 7.14
(aJ=0
Equation 7.13 does indeed give a decrease in to ratio as the 
frequency increases. The expected values of Q^/Q^ are presented in Figure 
7.5. Another interesting feature of the above equation in that it predicts 
that the Q ratio is equal to 1 at a frequency corresponding to 1.29 Hz. At 
frequencies below this intersecting value
Qa—  > 1 at cjü<2tt(1.29)
and above the intersection, 7.15
< 1 at oo>27T(1.29)
'3
with a terminating value
Lim _a 
w-*» Q0
- (^)2 (I)
4 V  V 7.16
The decrease in Q^/Q^ may occur when finite dissipation occurs due to 
bulk modulus relaxation due to intergranular thermoelastic effects 
(Anderson and Hart, 1978b).
So far little evidence has been obtained indicating Qp higher than Q .b CL
The notable exception to this is given by Walker etal., (1978) and Sutton
/Q
b)
a
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2-0
FREQUENCY (HZ)
Figure 7.5 The predicted behaviour of Q^/Qß f1-'0™ Q Model 2.
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et al., (1978). For P^ and phases recorded on ocean bottom hydrophones,
they have been reported apparent Q values as high as 8,400 ± 1,300 and 19,100
± 3,700 respectively for the two phases. The frequency ranges for these
Q measurements were also high, being 12 Hz for the P^ phases and 15 Hz for
the S phase. If the hypothesis that these are waveguided close to the n
Mohorovicic discontinuity is correct (Walker, 1977a; Walker, 1977b) then,
by making use of the formulation of the previous section, the apparent
zero Q's for the P^ and phases are 903 -  144 and 427 ± 83 respectively.
Furthermore, the initial P to S Q ratio would be 2.11 ± 0.53. Thesen n
predicted values are not out of the realm of possibility, owing to the 
uncertainty in the Q measurements and free oscillation Q models.
The above implication can be tested in other regions of the seismic 
frequency band. As more Q ratios are obtained for other seismic frequency 
bands, further restriction may be imposed on Equation 7.11. Alteration of 
Equation 7.13 to a higher order polynomial may also be required. Such 
refinements will be the subject of future studies.
7.2.3.2 Implications for the Bulk “Modulus Q (Q„) in the Mantle
If it is accepted that the linear relationship given in Equation 
7.11 is correct to a first order approximation, an equation for the frequency 
dependent bulk Q (Q ) can be derived for mantle material. Making use of the 
equation (Anderson and Hart, 1978b)
QK - (l-L) Qg/[Qe/Qa - L]
where 7.17
the frequency dependence of Q can be determined. Substituting fromK
Equation 7.11 into 7.17, the frequency dependence Q becomesK
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QK = (1 + 0.11(d) (1 + 0.46(d) Q3 /(0.23(d) . 7.18
o
From this equation,
Lim Q = Lim Q = 00K Kor^o or*00
if the value of Q is accepted as a correct approximation to the actual K
bulk Q. The first derivative of the above equation with respect to frequency 
indicates a Q minimum at approximately 0.72 Hz, which means that the bulk Q 
is equal to the apparent Q0 at this frequency. The function tends to 
decrease rapidly from zero frequency to this minimum. In the free oscillation 
band, however, the bulk Q is still quite high. Q is approximately 150 times
Qo for mantle material. Q increases much more slowly from the minimum
3o K
towards the higher frequencies than in the previous case. At a frequency of
1 Hz the increase in Q„ is only 4.5 Qq .
K 3o
The validity of the Q formulation given in Equation 7.18 awaitsK
confirmation through appropriate laboratory experiments.
7.2.3.3 Frequency Dependent Functional Relation for ScP Phases (Q Model 2)
For the P and S phases, it was found that the best fits for the t* 
data in Tables 7.1 and 7.2 were obtained using the Q Model 2. In these two 
cases, however, the mantle is only sampled to a depth of approximately 1300 
km. In order to sample more of the lower mantle the t* values for the ScP 
phase were used (Table 7.3). The application of this model is further 
encouraged by the apparent functional relationship of t*gcp to frequency 
(Figure 7.3).
The function used to compare the SL7 Q model given in Table 7.4 with 
the t* data of ScP phases (t* ) given in Table 7.3 is complicated by theO C-L
need to consider the ray paths of the S and P phases separately. In this
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c a s e ,  t h e  e x p e r i m e n t a l  t*  can be compared w i t h  Q model  t h r o u g h  t h e  f o l l o w i n g  
e q u a t i o n :
E M M
t*  = f ((D) t * “  + f  (lo) t * ”S c r  S  S  p  p 7 .1 9
where  f g (oj) and f  (w) a r e  o f  t h e  same form as  E q u a t i o n  7 . 1 2 .  To o b t a i n  
M
t * cp i t  i s  n e c e s s a r y  to  s o l v e  f o r  t h e  r e l a x a t i o n  t im e  o f  t h e  S wave 
from t h e  s o u r c e  to  t h e  c o r e - m a n t l e  b o u n d a ry ,  and f o r  t h e  r e l a x a t i o n  t im e
o f  t h e  P wave from th e  c o r e - m a n t l e  boundary  t o  t h e  r e c e i v i n g  s t a t i o n .  By 
i m p l i c a t i o n ,  i f  t h e  v a l u e s  o f  and a r e  t h e  same as  t h o s e  g iv en  i n  
S e c t i o n  7 . 2 . 3 ,  t h e  models  f o r  t h e  uppe r  and lower m a n t l e  w i l l  be  c o n s i s t e n t .
T a b le  7 .9  g i v e s  t h e  r e s u l t s  o f  t h e  f i t  f o r  t h e  v a l u e s  o f  t *  , I t  i s
S c r
a p p a r e n t  t h a t  t h e  n u m e r i c a l  v a l u e s  f o r  and a r e  v e r y  c l o s e  to  t h o s e
found f o r  t h e  S and P p h a s e s  i n  S e c t i o n  7 . 2 . 3 .  I n  t h e  fo rm er  c a s e  x0 and
P
a r e  e q u a l  t o  0 .4 6  ± 0.015  and 0 . 1 1  ± 0 .005  r e s p e c t i v e l y ,  w he re as  i n  t h e  
l a t t e r  th e y  a r e  e q u a l  t o  0 . 4 1  ± 0 .0 2  and 0 .108  ± 0 . 0 0 9 .  The c o n c l u s i o n  
i s  t h e r e f o r e  t h a t  t h e  f r e q u e n c y  d e p e n d en t  Q models  f o r  b o t h  t h e  uppe r  and 
lower m a n t l e  a r e  c o n s i s t e n t  t o  f i r s t  o r d e r .
For t h e  f i t  t h e  r educ e d  x i s  much h i g h e r  t h a n  t h o s e  o b s e r v e d  f o r  
P and S s e i s m i c  p h a s e s .  S c a t t e r i n g  and f r e q u e n c y - d e p e n d e n t  l a y e r i n g  a r e  
t h e  most  p r o b a b l e  c a u se s  f o r  t h i s  d e v i a t i o n  i n  t h e  l e a s t  s q u a r e s  f i t ,  
and t h e  most  l i k e l y  p l a c e  f o r  t h i s  s c a t t e r  i n  t h e  d a t a  i s  i n  a r e g i o n  n o t  
sampled  by t h e  t e l e s e i s m i c  P and S p h a s e s .  The r e g i o n  o f  t h e  e a r t h  i n  which  
t h i s  phenomenon o c c u r s  may be  t h e  c o r e - m a n t l e - b o u n d a r y  where s c a t t e r i n g  
(Haddon and C l e a r y ,  1974) and f r e q u e n c y - d e p e n d e n t  l a y e r i n g  ( M i t c h e l l  and 
H e lm b e r g e r ,  1973) have b o t h  been  p o s t u l a t e d .
7 . 2 . 3 . 4  Phase  V e l o c i t y  R e l a t i o n s h i p s  f rom Q Model 2
In  many a s p e c t s  o f  s e i s m o lo g y  i t  i s  o f  i n t e r e s t  t o  compute s y n t h e t i c
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Table  7.9
The Leas t  Squares F i t  f o r  and (Q Model 2) u s in g  Free 
O s c i l l a t i o n  Model SL7 (Anderson and H a r t ,  1978)
ScP Phase
X2 = 4.970832
Ear thquake t*^  S tandard  t* ^ / f (u ) )  t*^  - t * ^ / f ( w )
depth (Km) (sec)  d e v i a t i o n  (sec)  (sec)
21.0 0.515045 0.045331 0.516799 -0.001754
49.0 0.947318 0.145742 0.853525 0.093793
52.0 0.651441 0.092237 0.684509 -0.033098
67.0 1.763864 0.495068 0.953362 0.810502
87.0 0.321741 0.047729 0.479594 -0.157853
118.0 0.810995 0.111153 0.742363 0.068632
128.0 0.703538 0.138896 0.631132 0.072406
174.0 0.337299 0.062109 0.502269 -0.164970
184.0 0.522687 0.076328 0.541060 -0.018373
193.0 0.732610 0.100093 0.612133 0.120477
199.0 0.289196 0.041652 0.434327 -0.145131
254.0 0.372902 0.057263 0.438767 -0.065865
273.0 1.653767 0.359954 0.812861 0.840906
291.0 0.582009 0.092584 0.589077 -0.007068
309.0 1.243477 0.340632 0.832667 0.410810
380.0 0.352200 0.049394 0.433726 -0.081526
405.0 0.345236 0.054399 0.407703 -0.062467
456.0 0.388630 0.046949 0.388089 0.000541
457.0 0.558518 0.082837 0.430859 0.127659
486 .0 0.549954 0.049338 0.448036 0.101918
489.0 0.758825 0.181495 0.583213 0.175612
491 .0 0.868583 0.065665 0.467508 0.401075
505.0 0.812580 0.185642 0.583495 0.229085
526.0 0.711875 0.107161 0.511222 0.200653
548.0 0.186453 0.044266 0.863345 • -0.176892
551.0 0.571831 0.050289 0.420948 0.150383
556.0 1.033895 0.131079 0.530545 0.503350
563.0 0.558582 0.083014 0.458973 0.099609
583.0 0.842708 0.169251 0.558362 0.284346
599.0 1.053978 0.288605 0.612780 0.441198
619.0 0.373230 0.052760 0.350740 0.022490
T0 = 0.417372 ± 0.019170 ( s e c ) .  
p
T = 0.108452 ± 0.008585 ( s e c ) .  a
f(oj) i s  d e f in e d  by Equat ion  7.12 in  t e x t .
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w a v e le t s  which r e p r e se n t  those  p a s s in g  through the e a r th .  This n a t u r a l ly  
in v o lv e s  a knowledge o f  the  phase c h a r a c t e r i s t i c s  o f  the w a v e le t s .  Once 
the phase v e l o c i t y  i s  known the phase o f  the w a v e le t s  due to  a t t e n u a t io n  
can e a s i l y  be c a lc u la t e d .  Assuming th a t  Q Model 2 developed in  t h i s  chapter  
i s  c o r r e c t  to f i r s t  order , the  phase v e l o c i t y  v(w) m od if ied  from K a lin in  
e t  a l . (1967) i s
v
v(o)) = ---------- 2------------------------------------- 7 .2 0
1 + [Q ln(xw)/Tr(x a) -  1 )]  o
where x i s  the  r e la x a t io n  time fo r  e i t h e r  P or S phases  g iven  by Q Model 2 
and v^ i s  the  v e l o c i t y  at  i n f i n i t e  frequency .
Equation 7 .2 0  im p l ie s  an in c r e a s e  in  phase v e l o c i t y  w ith  an in c r e a s e  in  
the  frequ en cy  o f  a s e is m ic  w a v e le t ,  or c o n v e r se ly  a d e c r e a se  in  t r a v e l  time  
w ith  an in c r e a s e  in - f r e q u e n c y .  T h erefore  Equation 7 .2 0  can be w r i t t e n  in  
terms o f  the frequency dependent a r r iv a l  time t(w ) for  any frequency con ta in ed  
in  a s e i s m ic  w a v e le t ,  as
ln(xm)
t(w) = t^ [1 + -----------2~?---------  1 7 . 2 1
Q i  ( x  w -  1 )  o
where t ro i s  th e  p r e d ic te d  t r a v e l  time a t  i n f i n i t e  freq u en cy . Armed w ith  the  
above e q u a t io n  and Equation 7 . 1 1  i t  may be p o s s i b l e  to  reduce much o f  the  
t r a v e l  tim e r e s i d u a l s  or b a s e l i n e  d i s c r e p a n c ie s  once the apparent Q and h igh  
frequency c u t o f f  p o in t  for  a s e i s m ic  w a v e le t  under stu dy  are known.
The l i t e r a t u r e  i n d i c a t e s  th e  v a l i d i t y  o f  the  above paragraph. For 
example, when comparing t r a v e l  t im es c a lc u la t e d  from fr e e  o s c i l l a t i o n  
v e l o c i t y  models w ith  observed t r a v e l  t im es o f  sh o r t  p e r io d  body wave d a ta ,  
the  f r e e  o s c i l l a t i o n  v e l o c i t y  models p r e d i c t s  a r r iv a l  t im es which are l a t e .
The f r e e  o s c i l l a t i o n  model C2, which i s  n o t  c o r r e c te d  fo r  phase v e l o c i t y ,  
has a b a s e l i n e  d iscr e p a n c y  o f  about 0 .6  and 2 -4  secon ds when compared w ith
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body wave s o l u t i o n s  f o r  P and S p h a s e s  r e s p e c t i v e l y  (Anderson and H a r t ,
1976) .  On t h e  o t h e r  hand ,  when H a r t  e t  a l ., (1977)  m odel led  t h e  e f f e c t  o f  
a t t e n u a t i o n  i n  p e r t u r b a t i n g  t h e  f r e e  o s c i l l a t i o n  mode p e r i o d s ,  a 
c o n s i d e r a b l y  s m a l l e r  b a s e l i n e  d i s c r e p a n c y  was p r o d u c e d .  I f  E q u a t io n s  
7.21 and 7 .1 1  p r o v i d e  t h e  p r o p e r  r e l a t i o n s h i p  be tw een  p h a s e  v e l o c i t y  and 
0 ,  an improved v e l o c i t y  and Q model f o r  t h e  m a n t l e  would r e s u l t .
With t h e  l i m i t e d  d a t a  on hand i t  i s  n o t  p o s s i b l e  to  t e s t  E q u a t io n  7 .2 1  
c o m p l e t e l y .  A lso ,  i t  i s  n o t  known by t h i s  a u t h o r  which  f r e e  o s c i l l a t i o n  
modes r e c e i v e  t h e  most w e i g h t  when d e t e r m i n i n g  t h e  f r e e  o s c i l l a t i o n  v e l o c i t y  
models.  T h e r e f o r e  an a v e ra g e  f r e q u e n c y  c a n n o t  be chosen  to  d e m o n s t r a t e  t h e  
a b s o l u t e  r e s i d u a l  d i f f e r e n c e s  be tw een  s h o r t  p e r i o d  and f r e e  o s c i l l a t i o n  
v e l o c i t y  m ode l s .  However , i t  i s  p o s s i b l e  t o  show how t h e  t r a v e l  t ime  v a r i e s  
w i t h  f r e q u e n c y  f o r  a g iven  p a t h  by u s i n g  one o f  t h e  e a r t h q u a k e s  as  an example 
s t u d i e d  i n  t h i s  r e s e a r c h .  T a b le  7 .10  d e m o n s t r a t e s  t h i s  t r a v e l  t im e  t r e n d  
w i t h  f r e q u e n c y  f o r  b o t h  P and S p h a s e s  u s i n g  Even t  19 i n  T a b le  2 . 2 .
F u r t h e r  r e s e a r c h  i s  needed  t o  a s c e r t a i n  w h e t h e r  t h e  t r a v e l  t im es  g iven  
i n  T a b le  7 .1 0  can  p r o p e r l y  a c c o u n t  f o r  e a r t h q u a k e  r e s i d u a l s  and b a s e l i n e  
d i s c r e p a n c i e s .  Knowing t h e  h i g h  f r e q u e n c y  c u t o f f  p o i n t ,  one p o s s i b i l i t y  
i s  t o  p e r f o r m  a l e a s t - s q u a r e s  f i t  i n  a s i m i l a r  f a s h i o n  to  t h a t  done t o  d e r i v e  
Q Model 2 f o r  t h e  s h o r t  p e r i o d  t r a v e l  t im e  d a t a ,  and compare t h e s e  v a l u e s  
w i t h  t h e  t r a v e l  t im e s  c a l c u l a t e d  from f r e e  o s c i l l a t i o n s .  Us ing  t h e  p r e v i o u s l y  
d e t e r m i n e d  Qq model  and t h e  v a l u e s  o f  t f o r  P and S p h a s e s ,  an a v e ra g e  
f r e q u e n c y  f o r  t h e  f r e e  o s c i l l a t i o n  model can be d e t e r m i n e d .  With t h e s e  a v e ra g e  
f r e q u e n c y  v a l u e s  f o r  b o t h  P and S s e i s m i c  p h a s e s ,  v e l o c i t y  and Q models  f o r  
t h e  m a n t l e  can be d e te r m in e d  f o r  any s e i s m i c  f r e q u e n c y .
Table 7.10
Example Calculation for Event No. 19
Input Data: 
Phase P S
Apparent t* (sec.) 0.504 1.59
Apparent travel time (sec.) 287.6 533.7
Apparent Q 570.35 335.8
Mid spectral Fequency (Hz) 2.0625 0.84028
High Frequency cutoff (Hz) 3.5 1.125
Output Data:
Apparent Zero Q (Equation 7.11) 235.15 160.61
Long period t* (sec.) 1.3 3.3
Travel time vs. 
Frequency (Hz)
Frequency and Period 
Period (sec.)
(Equation 7.21) 
P Time (sec.) S Time (sec.
OO 0.0 287.53 533.50
3.5 0.29 287.60 533.52
3.0 0.33 287.62 533.53
2.0 0.5 287.67 533.56
1.0 1.0 287.81 533.66
0.5 2.0 288.00 533.88
0.1 10.0 288.57 534.97
0.05 20.0 288.84 535.63
0.025 40.0 289.11 536.34
0.01 100.0 289.47 537.30
0.005 200.0 289.74 538.03
0.0033 300.0 290.89 538.46
0.0025 400.0 290.01 538.76
0.002 500.0 290.09 539.00
0.001 1000.0 290.36 539.73
0.0 OO OO OO
Note: and are assumed to be 0.11 and 0.44 respectively for the
above calculations.
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7.2.3.4 Further Implications of Q Model 2
Up to this point Q Model 2 has been examined as to its implications
concerning the bulk Q, /Q^ ratios, and the phase velocity for frequencies
from zero to infinity. Such extrapolations are highly risky because the
data are restricted to the range between the average free oscillation periods
and the short period seismic bands. Different Q mechanisms can produce
major changes to the predicted attenuation properties of the mantle outside
this fitting interval. Predictions from a first-order model such as Q Model
2 must be tested when more data becomes available. Since Q /Q„ is assumeda 6
to be 2.5 for the SL7 Q model of Anderson et al., (1965), the point at which
Qp becomes greater than is predicted to be at a frequency about 1.29 Hz.
However the P/S Q ratio at free oscillation periods may not be as large at
2.5. Since the long period Q^'s are not well known, a conservative estimate
for this ratio at free oscillation periods, based upon a bulk Q of 4000
for the mantle Q /Qn would be 2.0. This may shift the point at which Q /Q_ = 1 a ß a ß
to a higher frequency.
An important aspect of any model is, however, the accuracy of its 
predictions. Since Q values for the ScS phase have been given most attention 
in the literature, these data will be used to examine the ability of Q Model 
2 to predict Q values for ScS phases. Figure 7.6 is a compilation of Q data 
for ScS phases after 1962, beyond which time one would expect the employment 
of computer techniques to produce a higher precision of measurement. It can 
be seen from the figure that the Q values at the various measured frequencies 
correspond quite favourably with the theoretical curve of Q Model 2. The 
conclusion therefore reached is that Q Model 2 is appropriate not only for 
the data described here but also for observations of Q for ScS phases obtained
by other investigators.
S
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F i g u r e  7 .6  Computat ion  o f  Q v a l u e s  f o r  ScS p h a s e .  The f i g u r e  i s  m o d i f i e d  
from S i p k i n  and J o r d a n  (1979) .  The numbers  d o t s  c o r r e s p o n d  t o  t h e  f o l l o w i n g  
d e t e r m i n a t i o n s :  1 -  Otsuka  (1962 ) ;  2 -  O tsuka  (19 6 3 ) ;  3 -  Kanamori ( 1 9 6 7 a ) ;
4 -  Choudbury and D o r e l  (1973);  5 -  Y o s h id a  and T s u j i u r a  (19 7 5 ) ;  6 -  Okal
( u n p u b l i s h e d  d a t a  a ve raged  1976) t a k e n  from Anderson and H a r t  ( 1 9 7 8 a ) ;  7 - 
J o r d a n  and S i p k i n  (1977 ) ;  8 -  N a k a n i s h i  ( 1 9 7 9 ) ;  9 -  B es t  e t  a l . , ( 1 9 7 4 ) .
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7.3 Comparison of Other Free Oscillation Q Models with Short-period
Teleseismic t* Estimates.
In the previous sections, it has been demonstrated how the free 
oscillation Q model SL7 and t* values obtained at short periods can be incor­
porated into a single Q model by assuming that Q is a linear function of 
frequency. Using the derived frequency-dependent Q model of Subsection 7.2.3,
the implication for Q /Qß, Q , phase velocity, and Q of ScS phase were con-ot p K
sidered (Subsections 7.2.3.1 through 7.2.3.5). The choice of the SL7 free
oscillation Q model for this purpose was, however, to some extent arbitrary.
In this section, other free oscillation Q models are examined, in order to
determine how much variation in the constant t and Tn can occur. For this
purpose, models SL1, SL2, (Anderson and Hart, 1978a) SL8, (Anderson and Hart,
1978b) QMU, GDQ, QML, QBS (Sailor and Dziewonski, 1978) and the model of
Teng (Teng, 1967) were used. As in Subsection 7.2.3, the mid-period for
these models was taken to be 200 seconds. The exception to this was the long-
period model derived by Teng, because his mid-frequency range was known to
be 10 seconds. In the case of the Sailor and Dziewonski, (1978) models, only
the Q values for shear were given, therefore it was assumed that the initial
Q values were 2.25 times greater than QD. The resulting values for t and ot p ot
2Tß, along with their reduced y and standard deviations for the above mentioned 
Q models, are given in Table 7.11. Note that the statistical scatter range 
for both and is only approximately 0.1 sec. This statistical scatter is 
small considering the wide variations in the various Q models used for compar­
ison with short period t* data. Some judgement as to which Q model is the
2best may perhaps be provided by comparison of the reduced y values obtained. 
If, however, it is assumed that the standard deviation represents a measure of 
goodness of fit for the various free oscillation models the weighted mean and 
standard deviation values for and t  ^ can be calculated. These values are
also given in Table 7.11.
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Table 7.11
The Least Squares fit for and Obtained from Other Free Oscillation
Q Models (cf. Tables 7.7 and 7.8).
P Phase
Q
Model
Reduced Ta
X2 (sec)
Standard
Deviation
SL1 3.208984 0.096598 0.001282
SL2 2.959040 0.113912 0.000470
SL7 2.400248 0.110182 0.004555
SL8 2.336596 0.120198 0.003394
QMU 2.175768 0.157933 0.005714
GDQ 2.318949 0.142684 0.000053
QML 2.257128 0.163585 0.000060
Teng 3.577476 0.198599 0.005787
Weighted mean and standard deviation 0.152611 ± 0.003540
Q
Model
Reduced
x2
S Phase
T ß(sec)
Standard
Deviation
SL1 1.604550 0.428764 0.000202
SL2 1.455263 0.474114 0.021853
SL7 1.314070 0.463692 0.006467
SL8 1.287617 0.495703 0.007150
QMU 1.269727 0.527837 0.016826
GDQ 1.289501 0.485035 0.006701
QML 1.279111 0.544750 0.000772
QBS 1.237696 0.540175 0.002413
Weighted mean and standard deviation 0.441006 ± 0.010334
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The above Q models were also tested against the ScP phase t* data, with
the exception of the QBS and Teng Q models. Again a least squares fit was
obtained for these in the manner demonstrated in Subsection 7.2.3.3. Values
2for and along with their reduced ,y and standard deviations for the 
values of the ScP phase, are given in Table 7.12. Note that the values for 
and are smaller than those obtained using and from free oscilla­
tions alone. If it is assumed that each Q layer in the mantle is linearly 
frequency dependent by the same amount, this would indicate that either the 
upper mantle Q values given by the free oscillation Q models are too low or 
the lower mantle Q values given by the models are too high. This question can 
only be answered by further research.
Better control of the least squares fit was obtained when only one
constant at a time was estimated. This is obvious from comparison of the 
2reduced y s for The Q models given in Table 7.11 with those given in Table 6.12.
For each free oscillation Q model given in Tables 7.11 and 7.12, the reduced
2 2 X for ScP t* data tends to be approximately the sum of the reduced y s of the
2S and P phases. For a given free oscillation model, a large reduced y in the
ScP model to some degree represents a lack of control in the fitting function,
possibly resulting in poorer estimate of the associated standard deviation for
T and To- However, the standard deviations for t and Tß given in 7.12 can
be used to find a weighted mean for these Q models. Since SL8 and GDQ give
very small standard deviations for t and t0, the weighted means are stronglyot p
influenced by these values. A second weighted mean is calculated excluding 
SL8 and GDQ to show that the weighted mean values for Ta and do not differ 
much from the former values.
The analysis of the free oscillation Q models does not shed much light 
on the structure of the crust and mantle. However, it does demonstrate that 
the estimation of the frequency dependence of Q by the method used here does 
not depend greatly on which free oscillation model is used. A comparison
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Table 7.12
The Least Squares Fit for x^ and x^ Obtained from Other Free Oscillation
Q Models (cf. Table 7.9).
ScP Phase
Q
Model
Reduced
x2 t3(sec)
Standard
Deviation Ta(sec)
Standard
Deviation
SL1 4.874303 0.412138 0.013385 0.103951 0.003834
SL2 4.916819 0.414607 0.0120776 0.104397 0.003521
SL7 4.969423 0.420553 0.012225 0.106377 0.003372
SL8 4.785031 0.440000 39.2 x 10"8 0.110000 10.3 x 10"8
QMU 5.397561 0.449403 0.027783 0.125593 0.006950
GDQ 5.052410 0.440000 11.8 x 10'8 0.110000 2.9 x 10'8
QML 5.660912 0.453804 0.026051 0.126573 0.006893
Weighted
standard
means and 
deviations 0.440000 0.016583 0.110000 0.004380
Weighted
standard
means and 
deviations 0.434972 0.016583 0.115260 0.004380
+ Note: These weighted means and standard deviations are for above models
with the exception SL8 and GDQ.
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between long period and short period Q's of the same phase from the same 
earthquake arriving at the same station is needed in order to determine the 
precise values for and for that particular path. Once this is done for 
many paths, some judgement can be made as to which of the free oscillation Q 
models is the best. With many such comparisons it may be possible to construct 
a better free oscillation Q model than can be obtained from a free oscillation 
data itself. This suggestion is left for future studies.
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CHAPTER 8 
DISCUSSION
8 . 1  I n t r o d u c t i o n
The s t u d y  o f  a t t e n u a t i o n  i n  t h e  e a r t h  im p inges  on a lm o s t  e v e r y  f i e l d  
of  s e i s m o l o g y .  F a c t o r s  such  as  t h e  f i l t e r i n g  p r o p e r t i e s  o f  t h e  m e a s u r in g  
i n s t r u m e n t  and t h e  s o u r c e  must be  t a k e n  i n t o  a c c o u n t  a t  t h e  o u t s e t .  A 
knowledge o f  how Q i s  r e l a t e d  to  t h e  whole s e i s m i c  f r e q u e n c y  band i s  r e q u i r e d  
b e f o r e  an a s s e s s m e n t  can  be made a bou t  Q i n  t h e  m a n t l e .  For  t h e  s h o r t  p e r i o d  
r a n g e  u n d e r  s t u d y  i n  t h i s  t h e s i s  an e x a m i n a t i o n  o f  t h e  b e s t  a v a i l a b l e  
a n a l y t i c a l  e s t i m a t i n g  p r o c e d u r e s  h a s  been  u n d e r t a k e n .  M o d e l l i n g  o f  t h e  
a v a i l a b l e  d a t a  ove r  t h e  e n t i r e  d i s t a n c e  r a n g e  i s  r e q u i r e d  t o  d e t e r m i n e  th e  
Q v s .  d e p t h  r e l a t i o n s h i p ,  as w e l l  as  t h e  e f f e c t  o f  Q on such  a s p e c t s  o f  t r a v e l  
t im e  s t u d i e s  as  s t a t i o n  a n o m a l ie s  and b a s e l i n e  d i s c r e p a n c i e s .  The above 
c o n s i d e r a t i o n s  a r e  a l l  r e l e v a n t  i n  t h e  p r e s e n t  c o n t e x t  and w i l l  be summarized 
f u r t h e r  i n  t h e  f o l l o w i n g  s e c t i o n s .
8 .2  Summary o f  t h e  T h e s i s
8 . 2 . 1  Beamforming o f  a S e i sm ic  Array  (C ha p te r  2)
Beamforming o f  s e i s m i c  a r r a y s  a r e  an i m p o r t a n t  t e c h n i q u e  i n  r e d u c i n g  
m i c r o s e i s m i c  and random n o i s e  as  much as  p o s s i b l e .  T h i s  i n  e f f e c t  r e d u c e s  
t h e  amount o f  n o i s e  a r i s i n g  from l o c a l  p e r t u r b i n g  s o u r c e s  which  a f f e c t  t h e  
incom ing  s e i s m i c  p h a s e ,  t h e  a d v a n ta g e  b e i n g  l e s s  u n c e r t a i n t y  i n  t h e  r e s u l t i n g  
e s t i m a t e  o f  t h e  f r e q u e n c y  c o n t e n t  o f  t h e  s e i s m i c  w a v e l e t .  More i n f o r m a t i o n  
i s  g a in e d  i n  t h i s  f a s h i o n  b e c a u s e  no a r t i f i c i a l  s m oo th ing  i s  r e q u i r e d  which
o t h e r w i s e  l e a d s  t o  a b i a s e d  e s t i m a t e .  Some beamformed s e i s m i c  t r a c e s  o f  t h e
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WRA a r r a y  c l e a r l y  d e m o n s t r a t i n g  t h i s  p r o p e r t y  were  shown i n  Cha p te r  2.
These  beamformed a r r a y s  were  t h e r e f o r e  used  as  a s t a r t i n g  p o i n t  f rom which 
b e t t e r  e s t i m a t e s  o f  t h e  c o m p o s i t i o n  o f  a s e i s m i c  w a v e l e t  can be  o b t a i n e d .
8 . 2 . 2  A t t e n u a t i o n  P r o p e r t i e s  o f  t h e  M an tl e  ( C h a p te r  3)
In  t h i s  c h a p t e r  t h e  d i s c u s s i o n  was c e n t e r e d  around t h e  r a n g e  o f  
p l a u s i b l e  Q models  f o r  t h e  m a n t l e .  There  have been  two a p p ro a c h e s  t o  t h i s  
p rob lem :  (1) to  d e v e lo p  a n a l y t i c a l  models  which f i t  o b s e r v e d  d a t a  and (2) 
to  d e v e lo p  a model which  i s  b a s e d  upon p h y s i c a l  p a r a m e t e r s  e x p e c t e d  to  p l a y  
a r o l e  i n  d e t e r m i n i n g  t h e  a t t e n u a t i o n  p r o p e r t i e s  o f  t h e  m a n t l e .  G e n e r a l l y  
t h e  a n a l y t i c a l  models  g iv en  by F u t t e rm a n  ( 1 9 6 2 ) ,  Lamb ( 1 9 6 2 ) ,  S t r i c k  (1967)  
and K a l i n i n ,  (1967)  a r e  e a s i e r  to  u se  b e c a u s e  fewer  p a r a m e t e r s  a r e  ne e ded  to  
d e s c r i b e  t h e s e  m odels .  P h y s i c a l  Q models  g iven  by Walsh (1968 ,  1 9 69 ) ,  L iu  
e t  a l . ,  ( 1 9 7 6 ) ,  Gordon and N e lson  (1966)  and more r e c e n t l y  by M i n s t e r  (1978a ,  
1978b) s u f f e r  f rom h a v i n g  too  many p a r a m e t e r s  t o  be  e s t i m a t e d  w i t h  a 
l i m i t e d  amount o f  d a t a  t h r o u g h o u t  t h e  s e i s m i c  f r e q u e n c y  r a n g e .  U n t i l  more 
d a t a  ( t *  v s .  f r e q u e n c y )  a r e  a v a i l a b l e  t h r o u g h o u t  t h e  s e i s m i c  band t h e s e  
models  c a n n o t  be con f i rm ed  o r  e l i m i n a t e d  as  p o s s i b i l i t i e s .
C e r t a i n  a t t e n u a t i o n  models  can be e l i m i n a t e d  by p h y s i c a l  c o n s i d e r a t i o n s .  
The one p r i n c i p l e  which  must  be  m a i n t a i n e d  i s  t h a t  a s e i s m i c  wave p a s s i n g  
t h r o u g h  t h e  e a r t h  must be c a u s a l .  Th i s  means t h a t  Q i n  t h e  l a y e r e d  e a r t h  
must  t o  some e x t e n t  be  f r e q u e n c y  d e p e n d e n t .  I f  Q i s  f r e q u e n c y  d e p e n d e n t  
t h e n  t h e  p h a s e  v e l o c i t y  o f  a wave p a s s i n g  t h r o u g h  a g iven  l a y e r  must  a l s o  
be f r e q u e n c y  d e p e n d e n t  e x c l u d i n g  t h e  one e x c e p t i o n  when Q = Q0a). The e x t e n t  
o f  t h e  Q and p h a s e  v e l o c i t y  f r e q u e n c y  dependence  has  been  an open q u e s t i o n  up 
t o  t h i s  o o i n t  i n  t im e .  T h i s  p o i n t  w i l l  be d i s c u s s e d  i n  more d e t a i l  i n  S e c t i o n
8 . 2 . 6 .
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8 . 2 . 3  S e i sm ic  Wavele t  D e s c r i p t i o n  ( C h a p te r  4)
I t  i s  i m p o s s i b l e  a t  t h i s  s t a g e  to  s p e c i f y  a l l  t h e  im p u l s e  r e s p o n s e s  
needed  f o r  an unambiguous d e t e r m i n a t i o n  o f  Q. The o n ly  im p u l s e  f u n c t i o n  
known f o r  c e r t a i n  i s  t h e  i n s t r u m e n t  r e s p o n s e .  The r e s p o n s e  due t o  t h e  
e a r t h q u a k e  s o u r c e  f u n c t i o n  i s  l e s s  w e l l  known. However ,  t h e  b u l k  o f  t h e  
p r e s e n t l y  a v a i l a b l e  e v id e n c e  i n d i c a t e s  a s o u r c e  f u n c t i o n  s i m i l a r  t o  t h a t  
d e s c r i b e d  by Brune (1970,  1971) . I f  t h e  e a r t h q u a k e  s o u r c e  r e s p o n s e  i s  as  
d e s c r i b e d  by Savage  (1 9 6 6 ) ,  f o r  which  t h e  s o u r c e  e n e rg y  d ro p s  o f f  w i t h  t h e  
t h i r d  power,  and f u r t h e r  a ssum ing  t h a t  t h e  c o r n e r  f r e q u e n c y  i s  c l o s e  to  
t h e  m i d - f r e q u e n c y  r ange  o f  measurement ,  t h e n  t h e r e  w i l l  be o n ly  a change  
in  t*  o f  a p p r o x i m a t e l y  0 .0 5  s e c o n d s .  T h i s  s m a l l  change  i n  t *  would  r e s u l t  
i n  a s l i g h t l y  h i g h e r  v a l u e  f o r  Q e s t i m a t e d  i n  t h e  s h o r t  p e r i o d  s e i s m i c  
r a n g e .  As p o i n t e d  o u t  i n  C h a p te r  4 ,  however ,  S a v a g e ' s  model  h a s  be e n  
r e j e c t e d  by R a n d a l l  (1973) on t h e o r e t i c a l  g r o u n d s .  The im p u l s e  r e s p o n s e s  o f  
the  s o u r c e  and r e c e i v e r  s t r u c t u r e  a r e  i m p o s s i b l e  to  a s c e r t a i n  w i t h  t h e  
p r e s e n t  knowledge o f  t h e  c r u s t a l  s t r u c t u r e  a t  WRA and t h e  s t r u c t u r e  a t  t h e  
s o u r c e .  I f  t h e s e  im pu lse  s o u r c e s  a r e  c o n s i d e r e d  t o  be i n  p a r t  random, 
beamforming o f  t h e  a r r a y  h e l p s  t o  r e d u c e  t h e i r  e f f e c t .  S c a t t e r i n g  a t  t h e  
s o u r c e  w i l l  p r o b a b l y  d i f f e r  f o r  each  e a r t h q u a k e  and t h e r e f o r e  i t s  p h a s e  and 
a m p l i t u d e  components  o f  s c a t t e r e d  r e s p o n s e s  c a n n o t  be  e s t i m a t e d .  H o r i z o n t a l  
i n s t r u m e n t s  r e c e n t l y  i n s t a l l e d  a t  t h e  a r r a y  s i t e  were  n o t  a v a i l a b l e  f o r  
t h i s  s t u d y ,  b u t  can  be used i n  t h e  f u t u r e  t o  s t u d y  t h e  r e c e i v e r  c r u s t a l  
s t r u c t u r e .  D e t e r m i n a t i o n  of  t h e  p h a s e  and a m p l i t u d e  changes  c a u s e d  by t h e  
t r a n s m i s s i o n  o f  s e i s m i c  e n e rg y  th ro u g h  t h e  e a r t h  r e q u i r e s  t h e  u se  o f  f u l l  
wave t h e o r y .  These  changes  i n  p h a s e  and a m p l i t u d e  due t o  t r a n s m i s s i o n  
c o e f f i c i e n t s  a r e  n o t  e x p e c t e d  to  a l t e r  t h e  power s p e c t r u m  o f  t h e  incom ing  
e n e rg y  b u t  may a l t e r  t h e  o v e r a l l  a p p e a r a n c e  o f  t h e  im p u l s e  r e s p o n s e  i n  t h e
t im e  domain.
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8 . 2 . 4  U n s u c c e s s f u l  A n a l y t i c a l  P r o c e d u r e s  Used t o  De te rm in e  t*  Va lues
( C h a p te r  5)
As p o i n t e d  o u t  i n  t h i s  c h a p t e r ,  t h e  a d v a n ta g e  o f  f r e q u e n c y  domain 
methods o v e r  t im e  domain methods i s  t h a t  t h e  p h a s e  v e l o c i t y  p r o p e r t i e s  do 
n o t  have  to  be  known. T h i s  e l i m i n a t e s  one o f  t h e  unknowns from th e  
d e t e r m i n a t i o n  o f  t h e  a t t e n u a t i o n  p r o p e r t i e s  o f  t h e  m a n t l e .  However ,  t h e  
p rob le m  does  n o t  t h e r e f o r e  become s i m p l e ,  s i n c e  t h e  b e s t  s p e c t r a l  method to  
be  used  must  be d e t e r m i n e d .  I t  ha s  been  d e t e r m i n e d  i n  t h i s  c h a p t e r  t h a t  t h e  
a u t o r e g r e s s i v e  p r o c e s s  as  d e s c r i b e d  by Y u le -W a lke r  and Burg c a n n o t  be a p p l i e d  
t o  t r a n s i e n t  s e i s m i c  w a v e l e t s  b e c a u s e  t h e s e  w a v e l e t s  a r e  b e t t e r  m ode l le d  as 
a moving a v e r a g e  p r o c e s s .  F o u r i e r  a n a l y s e s  l e a d s  to  s i d e  l o b e  e f f e c t s  caused  
by t h e  windowing f u n c t i o n  ( s i n e  f u n c t i o n )  o f  t h e  t im e  s e r i e s  b e i n g  p r o c e s s e d .  
I n  many examples  i n  t h e  l i t e r a t u r e  one h a s  o n l y  t o  measure  t h e  f r e q u e n c y  
r a n g e  b e tw een  s u c c e s s i v e  d i p s  i n  the  m easured  power s p e c t r a  i n  o r d e r  to  
d e t e r m i n e  t h e  l e n g t h  o f  t h e  t ime  s e r i e s  u sed  by t h e  a u t h o r .  Examples  o f  
such  s p e c t r a  can be found i n  Y osh ida  and T s u j i u r a  (1 9 7 5 ) .  C o n v e n t io n a l  
windowing and sm oo th ing  o f  power s p e c t r a  o f  r e a l  t ime  s e r i e s  s h o u ld  t h e r e f o r e  
be  t r e a t e d  w i t h  g r e a t  c a u t i o n  b e c a u s e  t h e s e  t e c h n i q u e s  t end  to  b i a s  t h e  
t r u e  s p e c t r u m  (Yuen, 1979) .
8 . 2 . 5  S u c c e s s f u l  A n a l y t i c a l  P r o c e d u r e s  used  to  D e te rm ine  t*  Values
(Chapter  6)
The two r e m a in i n g  s p e c t r a l  t e c h n i q u e s  i n v e s t i g a t e d  i n  t h i s  t h e s i s  a r e  
t h e  Maximum L i k e l i h o o d  ( L a c o s s ,  1971, 1977) and Homomorphic D e c o n v o l u t i o n  
(Oppenheim e t  a l . , 1968) m ethods .  One a d v a n ta g e  o f  t h e  Maximum L i k e l i h o o d  
method i s  t h a t  s u b j e c t i v e  g u e s s i n g  as  t o  windowing and s m oo th ing  f u n c t i o n s  
a r e  n o t  n e c e s s a r y  when t h i s  t e c h n i q u e  i s  a p p l i e d  to  a r e a l  t im e  s e r i e s .  A
power s p e c t r u m  i s  r e t u r n e d  w i t h  v e r y  l i t t l e  d i s t o r t i o n .  The on ly
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d i s a d v a n t a g e  o f  t h i s  method i s  i t s  l i m i t a t i o n  o f  t h e  dynamic r a n g e  from t h e  
peak  power e s t i m a t e .  Th is  e f f e c t  may be compensa ted  f o r  by p r e - w h i t e n i n g  
t h e  t ime  s e r i e s  b e f o r e  a p p l i c a t i o n  o f  t h e  s p e c t r a l  t e c h n i q u e .  The b e s t  
p r e - w h i t e n i n g  f u n c t i o n  i s  s t i l l  unde r  i n v e s t i g a t i o n .  On t h e  o t h e r  ha nd ,  the  
Homomorphic D e c o n v o l u t i o n  method s u f f e r s  f rom t h e  i n v e s t i g a t o r  p i c k i n g  a 
c u t o f f  p o i n t  i n  t h e  complex c e p s t r u m .  In  t h e  s e i s m i c  w a v e l e t  c a s e ,  the  
p o i n t  i s  p i c k e d  j u s t  b e f o r e  t h e  s p i k e  i n  t h e  complex c e p s t r u m  ca use d  by th e  
t r u n c a t e d  window. S in c e  most  o f  t h e  t ime  s e r i e s  i s  c o n t r a c t e d  to  a p p r o x i m a t e l y  
o n e - t h i r d  o f  t h e  o r i g i n a l  l e n g t h  i n  t h e  complex c e p s t r u m  ( U l r y c h ,  1971 ) ,  
v e r y  l i t t l e  o f  t h e  d e t e r m i n i s t i c  s i g n a l  i s  l o s t .  Owing to  t h e  randomness  o f  
p h a s e  o f  t h e  n o i s e ,  t h e  complex n o i s e  c e p s t r u m  i s  d i s t r i b u t e d  t h r o u g h o u t .
As shown i n  C h a p te r  6 ,  f i l t e r i n g  o f  t h e  complex c e p s t r u m  d e m o n s t r a t e s  t h e  
e f f e c t i v e n e s s  o f  n o i s e  and windowing  f u n c t i o n  e l i m i n a t i o n .  T h i s  i s  t h e  
r e a s o n  why Homomorphic D e c o n v o l u t i o n  has  been  p r e f e r r e d  i n  d e t e r m i n i n g  t *  
v a l u e s  i n  t h i s  s t u d y .
8 . 2 . 6  E v a l u a t i o n  o f  t*  by L e a s t - S q u a r e s  P r o c e d u r e s  ( C h a p te r  7)
A f t e r  t h e  b e s t  e s t i m a t e  o f  t h e  s p e c t r a l  power i s  made by t h e  
Homomorphic D e c o n v o l u t i o n  t e c h n i q u e ,  an e s t i m a t e  f o r  each  w e i g h te d  t*  v a l u e  
i s  d e t e r m i n e d  a ssuming  t h a t  t h e  r e l a t i v e  v a r i a n c e s  o f  t h e  power s p e c t r a  a r e  
p r o p o r t i o n a l  t o  t h e  number o f  s e i s m i c  c h a n n e l s  beamformed.  In  t h i s  way a 
r e l a t i v e  s t a n d a r d  d e v i a t i o n  o f  t h e  mean f o r  t h e  t*  v a l u e s  can be  e s t i m a t e d .
Upon c o l l e c t i o n  o f  t*  v a l u e s  f o r  t h e  P,  S,  ScP and PcP p h a s e s ,  t h e s e  v a l u e s  
a r e  p l o t t e d  a g a i n s t  t h e  m id - f r e q u e n c y  r a n g e  a t  which  t h e  e s t i m a t e  was t a k e n .
The p l o t s  o f  t*  v s .  f r e q u e n c y  c l e a r l y  d e m o n s t r a t e  a c o r r e l a t i o n  be tw een  
t h e s e  two v a r i a b l e s ,  w he re as  p l o t t i n g  t *  o r  i t s  r e s u l t i n g  Q v a l u e  a g a i n s t  
s o u r c e  d e p t h  o r  a z im u th  on ly  r e s u l t  i n  a s c a t t e r  d i ag ra m  i n  which  no a p p a r e n t  
c o r r e l a t i o n  can be s e e n .  Comparison o f  t h e s e  s h o r t  p e r i o d  t *  v a l u e s  w i t h  t h e
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t*  v a l u e s  c a l c u l a t e d  from A n d e r s o n ' s  SL7 Q Model r e q u i r e  t h a t  Q be  f r e q u e n c y  
d e p e n d e n t  i f  t h e  t*  v a l u e s  g iven  i n  t h e  two f r e q u e n c y  r a n g e s  ( F r e e  O s c i l l a t i o n  
and s h o r t  p e r i o d  p h a s e s )  a r e  t o  be  s e l f  c o n s i s t e n t .  The f i r s t  o r d e r  f r e q u e n c y  
d e p e n d e n t  Q model  (Q Model 2) p r e s e n t e d  h e r e  w i l l  u n d o u b t e d l y  r e q u i r e  
r e f i n e m e n t  when t*  v a l u e s  a t  i n t e r m e d i a t e  and h i g h  f r e q u e n c y  r a n g e s  as  t h e y  
a r e  d e t e r m i n e d .
C h a p te r  7 d i s c u s s e s  some o f  t h e  i m p l i c a t i o n s  o f  Q Model 2 f o r  Q /Q^,
Q and p h a s e  v e l o c i t y  d i s p e r s i o n .  F u r th e r m o r e  t h e  model  p r e d i c t s  what  t h e  
a p p a r e n t  Q ' s  would be  f o r  ScS body wave p h a s e s  t h r o u g h o u t  t h e  s e i s m i c  
f r e q u e n c y  s p e c t r u m .  As new d a t a  become a v a i l a b l e ,  t h e  above i m p l i c a t i o n s  
or  p r e d i c t i o n  can be t e s t e d .  A d jus tm e n t  o f  x^ and x^ would n o t  be  u n e x p e c t e d .  
Improved f r e e  o s c i l l a t i o n  and s u r f a c e  wave models  w i l l  a l s o  have  an im p a c t  
upon t h e  v a l u e s  o f  xa and x^.  F i n a l l y ,  o t h e r  f r e e  o s c i l l a t i o n  Q models  were  
examined to  d e t e r m i n e  which r e s u l t s  i n  t h e  b e s t  f i t  t o  t h e  s h o r t  p e r i o d  t*  
v a l u e s .
8 .3  S u g g e s t i o n s  f o r  F u r t h e r  I n v e s t i g a t i o n
8 . 3 . 1  Improvements  o f  S p e c t r a l  E s t i m a t o r s
The r e s u l t s  o f  t h i s  r e s e a r c h  i n d i c a t e  t h a t  s p e c t r a l  e s t i m a t o r s  have  
been p r o p e r l y  c h o s e n .  S in c e  Q i n  t h e  m a n t l e  h a s  been  d e t e r m i n e d  t o  be 
f r e q u e n c y  d e p e n d e n t ,  i t s  a s s o c i a t e d  pha se  v e l o c i t y  must  be  d i s p e r s i v e .  
T h e r e f o r e ,  when a power e s t i m a t e  i s  made f o r  a d i s p e r s i v e  t r u n c a t e d  r e a l  
s e i s m i c  w a v e l e t ,  t h e  s p e c t r a l  p h a s e  a n g le  w i l l  be d i f f e r e n t  f o r  e a ch  s p e c t r a l  
f r e q u e n c y  e s t i m a t e .  T h i s  d i s p e r s i o n  e f f e c t  i s  enough t o  r e s u l t  i n  t h e  s i d e  
lobe  e f f e c t s  wh ich a r e  obse rved  i n  F o u r i e r  power s p e c t r a .  To com pensa te  f o r  
t h i s  s i d e  l o b e  e f f e c t  t h e  s e i s m i c  t ime s e r i e s  must  be  windowed i n  such  a way
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as  to  remove s p e c t r a l  phase  t r a n s i t i o n s .  Compensa t ing  f o r  such  s p e c t r a l  
pha se  t r a n s i t i o n s  a t  t h e  t r u n c a t i o n  p o i n t  by l i n e a r  windowing o f  F o u r i e r  
power s p e c t r a  w i l l  become d i f f i c u l t  i f  n o t  i m p o s s i b l e .  The methods o f  
Maximum l i k e l i h o o d  ( L a c o s s ,  1971) and Homomorphic D e c o n v o l u t i o n  (Oppenhiem 
e t  a l , , 1968) a p p e a r  to  e l i m i n a t e  s a t i s f a c t o r i l y  t h e  s p e c t r a l  p h a s e  e f f e c t  
due to  s e i s m i c  d i s p e r s i o n .  In  a d d i t i o n  t o  t h i s  windowing,  t h e  complex 
c e p s t r u m  i n  t h e  c a s e  o f  Homomorphic D e c o n v o l u t i o n  can h e l p  t o  e l i m i n a t e  
e f f e c t s  o f  o t h e r  s e i s m i c  p h a s e s  which  a r r i v e  w i t h i n  t h e  s e i s m i c  w a v e l e t  
unde r  s t u d y .  Th is  i s  e s p e c i a l l y  so i n  t h e  c a se  o f  S p h a s e s  where  s e i s m i c  
wave m ix ing  i s  common.
The above two s p e c t r a l  t e c h n i q u e s  can be  made t o  o p e r a t e  more 
e f f i c i e n t l y  by i n c r e a s i n g  th e  s a m p l in g  r a t e  when d i g i t i z i n g  t h e  s e i s m i c  
p h a s e .  Lacoss  (1971,  1977) has  shown t h a t  t h e  s p e c t r a l  ban d w id th  f r e q u e n c y  
e s t i m a t e  d e c r e a s e s  w i t h  t h e  number o f  d i g i t i z e d  sam ples  p e r  u n i t  t im e  o f  a 
t ime  s e r i e s .  I n  t h e  case o f  Homomorphic D e c o n v o l u t i o n ,  t h e  i n c r e a s e  i n  
d i g i t a l  s a m p l in g  o f  a t im e  s e r i e s  b e t t e r  d e f i n e s  t h e  p r o p e r t i e s  o f  t h e  
complex c e p s t r u m  ( U l r y c h ,  1971) .  With a b e t t e r  d e f i n e d  complex c e p s t r u m  a 
f i n e r  c u t o f f  p o i n t  can be d e t e r m i n e d ,  r e s u l t i n g  i n  l e s s  p e r t u r b e d  power 
e s t i m a t e s .
8 . 3 . 2  P o s s i b l e  Areas  o f  F u r t h e r  I n v e s t i g a t i o n s
Assuming t h a t  Q Model 2 i s  c l o s e  to  t h e  c o r r e c t  Q model  f o r  t h e  
m a n t l e ,  i t  n e c e s s i t a t e s  t h e  c o n s t r u c t i o n  o f  a p p a r e n t  and i n f i n i t e
f r e q u e n c y  v e l o c i t y  models  f o r  b o t h  s h e a r  and c o m p r e s s i o n a l  waves .  U s in g
f r e e  o s c i l l a t i o n  Q d a t a ,  a Q model  can be  d e v e lo p e d .  The v a l u e s  o f  to a
and t form t h e  Q Model 2 and i t s  phase  v e l o c i t y  c o u n t e r p a r t  can  be  u s e d
p
as  s t a r t i n g  v a l u e s  t o  p e r t u r b  such  f r e e  o s c i l l a t i o n  m odels .  F u r t h e r  v e l o c i t y
152
models  f o r  t h e  m a n t l e  can be  c o n s t r u c t e d  by p r e - f i l t e r i n g  t r a v e l  t im e  
r e c o r d  s e c t i o n s  f o r  a g iv en  h i g h  f r e q u e n c y  c u t o f f  so t h a t  t r a v e l  t im e  
r e s i d u a l s  caused  by t h e  a t t e n u a t i o n  c a u s a l i t y  w i l l  n o t  a f f e c t  such  v e l o c i t y  
m odels .  A f t e r  such  a v e l o c i t y  model f o r  t h e  m a n t l e  a t  a g iven  f r e q u e n c y  
c u t o f f  i s  made, an i n f i n i t e  f r e q u e n c y  v e l o c i t y  model  f o r  t h e  m a n t l e  can 
be  c o n s t r u c t e d  by e x t r a p o l a t i o n .  Both l o n g  p e r i o d  and s h o r t  p e r i o d  v e l o c i t y  
m o d e l l i n g  s h o u ld  make such  e x t r a p o l a t i o n  p o s s i b l e .  I n  t h e  p a s t  t h e  
r e l a t i o n s h i p  be tw een  Q and v e l o c i t y  h a s  n o t  been  c o n s i d e r e d  v e r y  i m p o r t a n t .  
I n v e s t i g a t o r s  i n t e r e s t e d  i n  Q have n o t  r e c o r d e d  t r a v e l  t i m e s ,  and c o n v e r s e l y  
v e l o c i t y  s t u d i e s  have  n o t  p a id  much a t t e n t i o n  to  t h e  Q a s p e c t  o f  t h e  p rob lem . 
The c o n s i d e r a t i o n  o f  b o t h  t r a v e l  t im e s  and Q w i l l  l e a d  to  g r e a t e r  c o n s t r a i n t s  
on p o s s i b l e  m a n t l e  m a t e r i a l s .
Sou rc e  s t u d i e s  now can be b e t t e r  t r e a t e d  a ssum ing  t h a t  Q Model 2 and 
i t s  a s s o c i a t e d  pha se  v e l o c i t i e s  a r e  c o r r e c t .  When t h e  p h a s e  r e s p o n s e  due 
to  Q, and o t h e r  known p h a s e  r e s p o n s e s ,  a r e  removed from t h e  s o u r c e  s p e c t r u m ,  
b e t t e r  s o u r c e  models  can p o s s i b l y  be  d e v e l o p e d .  T h i s  r e s e a r c h  a w a i t s  f u t u r e  
s t u d i e s .  S t u d i e s  r e l a t e d  t o  c r e e p ,  v i s c o s i t y ,  t e m p e r a t u r e  and p r e s s u r e  
c o n d i t i o n s  i n  t h e  m a n t l e ,  to  name o n l y  a few,  may be  i n v e s t i g a t e d  more 
c o m p l e t e l y  w i t h  t h e  r e l a t i o n s h i p  be tw een  Q and f r e q u e n c y  i n  mind.  Many 
doo r s  may t h e r e f o r e  be opened f o r  f u t u r e  i n v e s t i g a t i o n s .
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